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Abstract 

We construct a class of solutions to the Cauchy problem of the Klein-Gordon equation 
on any standard static spacetime. Specifically, we have constructed solutions to the Cauchy 
problem based on any self-adjoint extension (satisfying a technical condition: "acceptabil- 
ity" ) of (some variant of) the Laplace-Beltrami operator defined on test functions in an 
L 2 -space of the static hypersurface. The proof of the existence of this construction com- 
pletes and extends work originally done by Wald. Further results include the uniqueness 
of these solutions, their support properties, the construction of the space of solutions and 
the energy and symplectic form on this space, an analysis of certain symmetries on the 
space of solutions and of various examples of this method, including the construction of a 
non-bounded below acceptable self-adjoint extension generating the dynamics. 

1 Introduction 

The first purpose of this paper is to construct a class of solutions to the Cauchy problem of the 
Klein-Gordon equation on any (not necessarily globally hyperbolic) standard static spacetime 
(M,g) =(RxE, V 2 dt 2 - h), where (£, h) is a Riemannian manifold and V is a smooth positive 
function on £ (Sanchez |31|). A class of solutions was originally constructed by Wald |38| . His 
solutions were given in terms of some fixed positive self-adjoint extension (s.a.e.) of a particular 
symmetric linear operator on L 2 (T>, V^dvdlh). Our treatment of the existence of solutions 
differs from that of Wald in the following aspects: 

1. Wald considered only positive s.a.e. s and so the linear operators C(t, Ae) and <!?(£, 
(defined in Section [2]) used to construct solutions were bounded. In this paper however we 
also consider "acceptable" s.a.e. s (Definition I2.3|) . Incidentally, all bounded below s.a.e. s 
are acceptable. Under these conditions C(t,AE) and S(t,AE) may be unbounded linear 
operators so care is required with the domains. 

2. We point out that a more recent result on the extendibility of subsets of the spacetime 
to smooth spacelike Cauchy surfaces in globally hyperbolic spacetimes by Bernal and 
Sanchez [6] is needed to complete the proof on the existence of Wald solutions. 

The second purpose of this paper is to prove various properties satisfied by the solutions and 
to analyse examples. Since many already known results are quoted in this work for completeness, 
we shall for clarity list the other main results of this paper: 
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1. We show in detail the properties satisfied by the solutions only implicit in the paper by 
Wald and Ishibashi [39 J. In that paper, they assumed certain conditions on the dynam- 
ics (e.g. constraints on the support of solutions, how they are transformed under time 
translation and reflection in time and the existence of an energy norm) and then proved 
that it must be generated by a particular s.a.e. Ae- In this paper we answer the natural 
question: "to what extent are these conditions on the dynamics necessary?", that is, does 
the dynamics generated by a particular choice of acceptable s.a.e. Ae satisfy these condi- 
tions? We shall answer mostly to the affirmative. However we note that Assumption 1 in 
Wald and Ishibashi [39] (the support of solutions/ "the causality assumption": see below) 
is not always true of dynamics generated by an arbitrary acceptable s.a.e.. 

To amplify this point, Assumption 1 on the dynamics in Wald and Ishibashi [39] states 
that the support of the solution to the Klein-Gordon equation corresponding to Cauchy 
data always lies within the union of the causal future and past of the support of that data. 
In Section 111.51 we give a simple example of a standard static spacetime and a choice of 
s.a.e. Ae such that the dynamics generated satisfies: supp^^ J{K) for some initial data 
((j>o,<po), where K = supp^o usupp^o- We show in Section [7] however that, in general, 
suppc/> is contained in J{K) up until the time at which the data can "hit" any edge in 
the spacetime. We prove that this weaker form of Assumption 1 is true of all dynamics 
constructed in this paper, using the previous results on the uniqueness of solutions in 
Section [5] and results on the causal structure of the spacetime Section [6j 

2. An important property satisfied by the "Wald solutions" is that the value of the standard 
symplectic form evaluated at any pair of solutions is independent of the static hypersurface 
on which it is calculated, so the space of solutions has a natural symplectic space structure. 
Since it is this structure which allows the quantisation of the theory, by the construction 
of the Weyl algebra (Bar et al. [3]), it is an important result in Section that even after 
extending Wald's method to the case of only acceptable s.a.e.s, we retain the conservation 
of the symplectic form even in the cases where the positive definiteness of the energy form 
(Section [8]) is lost. 

3. In Section [10] we prove how the solutions are transformed under time translation and 
reflection. We show that the previously constructed energy form is invariant under both 
time translation and reflection of its arguments whereas the symplectic form is time- 
translation invariant but acquires a minus sign under reflection of its arguments in time. 
(These properties correspond to assumptions 2(i), 2(ii), 3(i) and 3(ii) of Wald and Ishibashi 
[39].) 

4. In Sections lll.ltill.3l as examples we consider three simple one-dimensional Riemannian 
manifolds (S 1 , (0,oo) and (0, a) with their usual differential structures and Riemannian 
metrics), each of which will then generate a standard static spacetime with V = 1. In 
order to classify the dynamics generated on the latter spacetimes by the construction 
of this paper, we give the s.a.e.s of minus the Laplacian on S , (0, oo) and (0,o) and 
determine their spectra and resolvents. The proofs of these statements are to be found in 
Appendices F,G and H of Bullock [TT] . 

5. In Section 111.61 we construct an acceptable non-bounded below s.a.e. Ae of minus the 
Laplacian on£ = Zx(0,oo). This example then shows that the extension of theory of 
Wald [38] from bounded-below s.a.e.s to acceptable s.a.e.s carried out in this paper is 
non-trivial (Wald's paper only deals with positive s.a.e.s). 
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2 The Cauchy problem of the Klein-Gordon Equation on Stan- 
dard Static Spacetimes: The construction of candidate solu- 
tions as vector- valued functions 

We start by defining the class of spacetimes, with which this paper is concerned (see e.g. Sachs 
& Wu [30J, Sanchez [3l] and O'Neill [21]). 

Definition 2.1. (Sanchez J31\j ) A standard static spacetime is defined by: 

(M,g) = (RxT,,V 2 dt 2 - h), 

where (£,/i) is a smooth Riemannian manifold; M is given the usual product topology and 
differential structure; dt 2 is the Euclidean metric on R; V e C°°(£) with V > 0. The time- 
orientation is that given by the timelike vector field X = -§r . 

Remark. In the above expression for the metric g - V 2 dt 2 - h, we are using a slightly sloppy 
notation for conciseness. Denoting by tt\ : R x £ -* R and tt\ ■ R x £ -> £ the two projection 
(bundle) maps, then more precisely: g = ^ (^ 2 ) 7r i(^ 2 ) ~ 7r 2(^ 1 )' where it* is the pull-back 
applied here to metrics and functions and dt 2 ■- dt ® dt is the standard Riemannian metric on 



Let (M,g) =(lxE, V 2 dt 2 - h) be a standard static spacetime. As £ is a smooth manifold 
then for each t e R the map m : £ -> M given by x -> (t,x) is a smooth embedding from S to 
M and for each embedded submanifold St := {t} x S = 7Tt(X) c M there exists a unique unit 
future-pointing smooth timelike vector field nt = ^ _1 J| normal to each tangent space of S^. 
Note that we have not assumed that the manifold E is orientable. 

We wish to solve the Klein-Gordon equation on an arbitrary standard static spacetime. For 
an arbitrary spacetime and mass m > the Klein-Gordon equation reads: 



where fj 9 = div 9 o grad 9 is the Laplace-Beltrami operator (see Appendix D of Bullock [TT]). 
sometimes locally given by: V^V^ where is the covariant derivative defined by the metric. 
Alternatively, the Klein-Gordon equation can be expressed in local coordinates: 



where g := detig^). 

Remark. Note also that we shall demand that <p e C°°(M), where C°°{M) is defined as the space 
of all smooth K-valued functions on M, where K = R or C. We are removing the dependence of 
the field of scalars from our notation for C°°{M) purely for brevity. We shall find that the results 
of this paper apply equally well to solving the Klein-Gordon equation for real-valued functions 
as for complex-valued functions. In the sequel we shall take all function spaces, Hilbert spaces 
etc. to be either over R or C as required. We shall on occasion in this paper mention where we 
may have to treat the two cases separately. For instance Sections 111.11111.31 only apply to the 
complex case as will be discussed there. 

Our spacetime of interest is: M = R x £ with g - V 2 dt 2 - h, where £ is a smooth manifold 
with smooth Riemannian metric h and V e C°°(£), V > 0. For this spacetime, we define a 
solution to the Cauchy problem for the Klein Gordon equation to be a linear map: 



R 



(n g + m 2 )(f> = 



(2.1) 
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1. (n g + m 2 )<j) = 



2. 0|s o = 4>o 

3. <9t^|s = 4>o- 

In this paper, we shall construct solutions to the Cauchy problem. (We shall in fact find a 
solution to an extension of this problem, that is, extend the space of test functions C~(£o) 
to a certain subspace xe of C°°(So).) We start by expressing the Klein-Gordon equation in a 
simpler form. Given an atlas (U a , (f> a ) for £ we have the following atlas for M: (H. x U a , t x (f) a ). 
In these local coordinates the Laplace-Beltrami operator reads: 

n g = v- 2 $-v- l D i vD i , 

where Di is the covariant derivative on £ induced by h. Thus equation (|2.ip reads: (V^ 2 <9 2 - 
V- l D l VDi + m 2 )(j) = iff (cf - VDWDi + m 2 V 2 )(f) = iff: 

%<f> = -A<f>, (2.2) 

where A = -V D l V Di+m 2 V 2 . Note that in coordinate free notation: A = -ydiv^ygradh+m 2 !^ 2 . 
See Appendix D in Bullock [11] for more details. 

We solve this form of the Klein-Gordon equation with the methods of functional analysis on 
the (real or complex) Hilbert space L 2 (Y,, V~ l d\o\h)- (This space is defined in e.g. Section D.3 
of Bullock [11] . On the (real or complex) Hilbert space L 2 (T,, V^dvolh), we have the following 
linear operator A: 

D(A) = [CS°(E)] (2.3) 
A [4>] = [{-V&VDi + m 2 V 2 )(/)], (2.4) 

where Di is the covariant derivative on (S, h) and <j> e C ( J C '(S). That A is symmetric and positive 
is proven in Proposition D.10 in the Bullock [11] . Note that the adjoint is a well-defined linear 
operator since A is densely defined. Its adjoint A* is given by : 

D(A*) = {(p e L 2 (S, V- x dvo\ h ) s.t. Axf> e L 2 (S, V^dvoh)} 
A*4> = A<j>, 

where in both lines A<p is meant distributionally and a priori <f>,A<f) e Here, functions 

are interpreted as distributions by use of the smooth measure on S. 

Remark. Note that since [(^(E)] £ D{A*) then D(A*) is densely defined and so A is closable. 
Also, be aware that the reason for the appearance of the partial differential operator A instead 
of its formal adjoint A* in the above definition of the linear operator A* is that A is formally 
self-adjoint with respect to the smooth measure V dvol^. See Section D in Bullock [11] for 
definitions of these terms. 

The domain of the closure A of A is given by the closure of [C^°(E)] in the Hilbert space 
D{A*) with the inner product 

(4>,9} A * = (<M)L2(£,V-Mvol A ) + ( A *4>,A*6) L 2 { zy-i dvolh) , 

It is important to note that A is not necessarily essentially self-adjoint (e.s.a.). The following 
well-known theorem gives a case where A is e.s.a.. 
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Theorem 2.2 (Essential Self-Adjointness of minus the Laplacian on Complete Riemannian 
Manifolds). Let be a complete Riemannian manifold. Then letting V = 1 and m = 0, 

we have A = -div^gradh = minus the Laplacian corresponding to the metric h. Then if 

D(A) = [C^°(S)] in the Hilbert space H - L 2 (X, dvolh), then A is essentially self-adjoint. 

Proof. See e.g. Taylor [36], Proposition 8.2.4. □ 

As pointed out by Wald [38J, since A is a symmetric positive linear operator then at least 
one positive self-adjoint extension exists. We do not restrict ourselves however to using a single 
extension, but we are forced to only consider a certain class of s.a.e.s of A, which we define 
shortly. We wish to first make a remark concerning the choice of the field of scalars. 

Remark. Note that if we define H K = L 2 (S,K, V^dvoh) as the space of equivalence classes of 
K-valued square-integrable Borel-measurable functions, where K = M or C and / ~ g iff / = g 
a.e., then we can view A as a symmetric linear operator on either the real Hilbert space or 
the complex Hilbert space Hq. The set of self-adjoint extensions of these operators are related. 
To see how, take the general situation of a real Hilbert space H and its complexification He- 
Now, on Hfc can be defined a natural complex conjugation operator C. It is shown in Section 
2 of Seggev [32] that the self-adjoint extensions of a symmetric linear operator A on H are are 
in bijection with the self-adjoint extensions of the symmetric linear operator Aq on He, which 
commute with C, where Ac is the complexification of A. 

We now introduce our new notion of an acceptable s.a.e.: 
Definition 2.3. A s.a.e. Ae of A is called acceptable if it satisfies: 

[C^^)]c^D(eMA E ) 1/2 t), (2.5) 

t>o 

where A E := x~(Ae) is the positive self-adjoint operator defined via continuous functional cal- 
culus using the function x~ ■ K -> [0, oo) defined by: 



x (y) := 



-y, y < o 

0, otherwise. 



The operator A E is called the negative part of the operator Ae and it's bounded iff Ae is 
bounded-below (i.e. there exists M e E such that {Ax\x) > -M||x|| 2 for all x e D(A) iff 
a(A) c [-M,oo). 

Remark. In the paper [38] by Wald, he considered only positive s.a.e.s of A. Clearly, a positive 
linear operator is bounded-below. If Ae is a bounded-below s.a.e. then A~ E is a bounded linear 
operator, as is (A E ) l l 2 . Then exp^^) 1 /^ is also a bounded linear operator for all t and so: 

[C °°(S)] c L\V,V- l dvo\ h ) = r\D(exp(A E ) 1/2 t). 

Thus every bounded-below s.a.e Ae is also acceptable. Thus we are extending the method of 
Wald to more s.a.e.s of A. 

The approach (taken from Wald |38j) is to find a map M. -> D(Ae) ^ H, where H = 
L 2 (S, V^dvolh). t -> cj) t , for each pair of data 4>o,4>q e C^°(S). We demand that the map 
t -*■ (j){t) is twice differentiable as a vector- valued function with double-derivative 



d\ 



dt 2 



1 = -A E <k- ( 2 -6) 
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Our intended solution to this problem is given in terms of any acceptable s.a.e. Ae of A: 



[cp t ] = cos(4 /2 t ) [cPo] + A E 1/2 sin(4 /2 t ) [</>o] (2.7) 

Our immediate problem is to show that this expression makes sense. If Ae was positive 
self-adjoint then, following Wald [38J, we can take the square root to form a positive self-adjoint 

1/2 1/2 

unbounded linear operator A E and then construct the two bounded linear operators cos(A E t) 

— 1/2 1/2 

and A E sm(A E t) by applying the multiplication operator form of the Spectral Theorem, as 
in Reed and Simon |28| . If Ae was not positive but merely bounded-below, then we shall show 

1 /2 —1 /2 1 /2 

that this method still works and cos(A E t) and A E sin(A E t) are still well-defined bounded 
linear operators despite the non-existence of the square root. If, however Ae is not bounded- 
below then these linear operators will be unbounded and we must concern ourselves with their 
(dense) domains. We shall show that even when Ae is not bounded-below, but is acceptable 
(Definition I2.3() , then we can solve the Cauchy problem with respect to smooth initial data of 
compact support. 

In this paper, in order to avoid expressions involving square roots of non-positive self- 
adjoint linear operators we introduce an alternative representation of equation (|2.7p . Define the 
functions C, S : M 2 -+ R: 

,1/2j.\ _ [ cos(a; 1 / 2 t) for x > 



where: 



C(t, x) = cos(ar i/ t) = < I y 1/2 

[ cosh((-x) 1/ ^t) for x < 

sin(x 1 / 2 t) _ J x' 1 ! 2 sin(x 1/,2 t) for x > 

b{t,x)-t xm -j ( _ a . ) -i/2 sinh(( _ a , ) i/2 t) forx<0 



sinz " (-l) n z 2n , sinhz ~ z 2n 
: = > r- and := > 



^ (2n + l)! z n ^ (2n + l)! 

are analytic functions on C, both being invariant under z -*■ —z (the same is true of course of 
the functions cosz and coshz). This makes the definitions of C(t,x) and S(t,x) independent 
of the choice of square root. Since C(t,-) and S(t,-) are (unbounded) real-valued measurable 
functions for each fixed t, then by functional calculus we can construct the (possibly unbounded) 
self-adjoint linear operators C(t, Ae) and S(t, Ae), for any s.a.e. Ae of A. It is shown in the 
remarks following Propositions A. 7 and A. 8 of Bullock [11] that for t > 0: 

D(eMA E ) 1/2 t) - D(C(t,A E )) £ D(S(t,A E )). 

Thus: 

[Cg°(S)] E H^(exp(^) 1 / 2 t) = r\D(C(t,A E )) 

t>o t>o 

and the condition on Ae that it is acceptable is precisely what is required for C(t,AE) (and so 
S(t,A E )) to be defined on equivalence classes of test functions. 

Given an acceptable s.a.e. Ae of A, let our proposed solution to Equation (|2.6|) for arbitrary 
4>o,4>o e C^°(E) define: 

[<k] = C(t,AE)[<h] + S(t,A E )[fo]. (2.8) 

If Ae is bounded-below, then C(t,A E ) and S(t,A E ) are bounded linear operators for all t 
(proven in Appendix A of Bullock [11]) and [<fit] is a well-defined element of L 2 (S, V dvolh). 
If not, then the condition on Ae in Definition 12.31 is precisely what is required for the RHS to 
make sense. We wish to show that in fact the map t -> [4>t] is infinitely differentiable and that 
[fa] 6 [C°°(E)] n L 2 (S, V _1 dvol A ) for all teR. 
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The following proposition is vital for this paper. It is an application of Sobolev theory. 
It is taken from Wald |38] and reproduced here for completeness. (For the definitions of L p 
spaces, distributions and Sobolev spaces on a Riemannian manifold M with smooth 

measure fi, see Appendix D.3 of Bullock [TT].) 

Theorem 2.4. Any s.a.e. A E of A satisfies: D(A%) £ [C°°(S)]. 

Proof. (Wald [22]) We know that [Cfi°(E)] = D(A) c D(A%). Take (ft e D(A%). Since 
L 2 (S, T/ _1 (ivol/ l ) £ L Joc (S, V^dvol/J E D'(S), the space of distributions on the manifold E, 
then for all / e C °°(S): 

^V) = <<M^7]) = <M"[/]> = (<MM/]> = (^,[/]> = 

Thus A> 6 £>(^) £ L 2 (£,V _1 rfvolfc), where ,4 n </> is interpreted in the sense of distributions 
(since A is a formally self-adjoint partial differential operator of second order w.r.t. V^dvolh, 
see Appendix D.2 of Bullock [11]). 

Take an open set £1 £ £, which is precompact in the domain of a chart on S. Letting 
iV := dimS, then denote the resulting chart map \I/ : Q -> M. N . Restricting (ft to Q, we have 

A n <f> e L 2 (ft, y-^volh) = iy°' 2 (fi, y-^volh). 

As V- 1 and |det(/i ii )| are bounded by below on fi, then 4> e IU°' 2 (*(S1)) c Wj£(tt(fi)), 
where we are now viewing (ft as a function and A as a p.d.o. on $((1)^1^, As A n is an elliptic 
p.d.o. of order 2n, then, by an elliptic regularity theorem (Theorem D.12 of Bullock |11|). 
(ft e W? n ' (\l/(f2)) for all n. And by Sobolev's lemma (Theorem D.13 of |11|). we have (after 
possibly changing (ft on a null set) that ^> e C z (tf(fi)) for any non- negative integer I < 2n - ^ . 
Since n and f2 are arbitrary, then </> e C°°(£). □ 

Using Theorem 12.41 we define a space of smooth functions xe which contains all compactly 
supported smooth functions (as Ae is acceptable). We shall show in later sections that we can 
solve the Klein-Gordon equation with respect to data in the space xe- 

Proposition 2.5. Given an acceptable s.a.e. Ae of A, define: 

XE {/ 6 s.t. [/] e D(A%) n f| D(exp«A E ) 1/2 t))} 

t>o 

Then the linear operators C(t,A E ) and S(t,AE) satisfy 

C(t,A E ), S(t,A E ):[XE]^[XEl 

Also, the maps t -*■ C(t,A E ) and t -*■ S(t,A E ) are infinitely often strongly differ entiahle on 
[xe], where for n e Nu {oo}; 

D(A%) = {x 6 D(A E ) : A^x e D(A E ) for all m=l, ...,n- 1} 

For n g N the following strong derivatives hold on the dense subspace [xe] of L? (E,y _1 dvolh) ■' 

&C(t,A E ) = (-l) n A E C(t,A E ), i^rC(t,A E ) = {-l) n A E S{t,A E ) 
j^S(t,A E ) = (-l) n A%S(t,A E ), i^rS(t,A E ) = (-l) n A%C(t,A E ). 

Proof. See Appendix A of Bullock (TTJ. □ 
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Lemma 2.6. Thus just as in Equation (|2.8|) . given initial data (j>o,<fio 6 Xe and letting [(fit] = 
C(t, Ae)[4>o] + S(t, Ae)[4>o]j then [<pt\ is differentiable as a vector valued function to arbitrary 
order and to even order: 

= (-i) n ^M 

Thus in particular for n = 1 we have reproduced equation (|2.6p and: 

[M = Mt=o 

[to] = 

Since [x_b] is an invariant subspace of L 2 (S, 7" tlvol/,) w.r.t. the linear operators C(t, Ae) 
and so, for all initial data 4>o,4>o e x_e, the solution given in Proposition 12.61 satisfies: 

[^ t ]€D(A^)c[C^(^ t )] VieR. 

Thus we have solved the Hilbert space version of the Klein-Gordon Equation ( (|2.6p ). We 
shall use this in Section 2] to construct solutions of the Klein-Gordon equation itself (Equa- 
tion (El). 



3 Causal Structure of Standard Static Spacetimes (i) 

Before we construct solutions to the Klein-Gordon equation in Section 21 we shall find it useful to 
introduce some concepts from geometry, namely we shall define the causality relations and define 
the causal future and causal past of a set. After some preliminaries concerning Riemannian 
manifolds we shall then analyse the causal structure of an arbitrary standard static spacetime. 
Later in the section, since we shall need to quote results concerning the well-posedness of the 
Klein-Gordon equation on globally-hyperbolic spacetimes when we construct our solutions in 
Section^ so we define the terms globally hyperbolic, Cauchy surfaces and Cauchy developments. 
Subsequently, returning to standard static spacetimes, we shall then in Proposition 13.161 re- 
express the Cauchy development -D(£o) of the hypersurface £o- Lastly, in Theorem 13.191 we 
shall quote the well-known result concerning the well-posedness of the Klein-Gordon equation 
on globally-hyperbolic spacetimes. 

We shall shortly begin to analyse the causal structure of a standard static spacetime.. How- 
ever, we shall find it useful to first discuss metrics on Riemannian manifolds (here we use the 
term "metric" as in "metric space" rather than as in "metric tensor"!). It is well known that a 
Riemannian manifold (£,/i) is naturally metrisable. A metric d:£ x £ -> [0, oo) is given by: 

fa \&{t)\dt s -t- [ a > b] -*■ E is a piecewise smooth ) 
curve in £ with cr(a) = p, o~{b) = q. J ' 

where \&(t)\ := [h a(t) (&(t), a{t))fl 2 . 

Theorem 3.1. Given a Riemannian manifold (£,/i), then the metric d given above induces 
the topology on £. 

Proof. See for example Lee [2D], Lemma 6.2. □ 

For a choice of standard static spacetime (M, g) = (R x £, V 2 dt 2 — h), we shall always choose 
the metric on £ induced by the Riemannian metric V~ 2 h on £. The importance of choosing a 
metric on £ dependent on V shall be seen in Proposition 13.61 



d(p, q) = inf 
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Proposition 3.2. Given the standard static spacetime (M,g) = (Ix E,<it 2 - h) and K c Eo, 
then (t,y) e J + {K) iff there exists a smooth curve cr- [0,t] -* E s.t. : cj(0) = x e vr(i^), cr(i) = 
y and \o{s)\ < 1 Vs e [0,t]. 

Proof. Given such a curve, define the curve 7=[0,i] -*■ M, by: 7(s) = (s,a(s)). Clearly 7 is 
smooth. It is also causal since g< y ( s )( A /(s), A /(s)) = 1 - h a ^(a(s),a(s)) > 0. From 

9-y(s) (7( s )> hI 7 ( s )) = 1 > it follows that 7 is future-pointing. Then 7 is a smooth future- 
pointing causal curve from (0,x) to (t,y) and thus (t,y) e J + ((0,x)). 

Conversely, if (t,y) e J + (0,x) then there exists 7: [a, b] -+ KxE which is smooth future- 
pointing and causal s.t. 7(a) = (0,x) and 7(6) = (t,y). Let j(s) - (7i(s), 72(s)), where 
71: [a, 6] -»■ R and 72 : [a, b] -> E are both smooth curves defined using the smooth projection 
maps. So, <7 7 ( s )(7(s),7(s)) = |7i(s)| 2 -^ 72 ( s )(72(s)j72(s)) > 0. The condition of 7 being future- 
pointing gives us: <? 7 ( s ) (7(5), ^| 7 ( s p - ii( s ) > 0. We wish to reparametrise this curve and 
show that it is of the form of the previous proposition. For this purpose, let [a, b] -> R be 
given by: = f* ji(u)du. Since = 71 (s) > 0, then, by the Inverse Function Theorem, 

there exists a smooth inverse $ _1 :[0,c] -> [a, 6], where ^(a) = 0, $(6) = c. Now, define the 
reparametrisation: j'(s) = j(Q~ 1 (s)). 7': [0,c] ->RxS is then a smooth curve, satisfying: 

■yiw-i-'w^^-'W)-?^^-!. 

7i($ H s )) 

Thus 7((s) = s Vs e [0, c] and let a = i 2 so that 7(5) = (s, cr(s)), (0, cr(0)) = 7'(0) = 7(a) = (0, x) 
and (c, <t(c)) = 7 7 (c) = 7(6) = (t,y). Thus, c = t, cr(0) = x, o(t) = y and as 7' is still causal then 
|<x(s)| < 1 for every s e [0,t]. □ 

We recall a property of Riemannian manifolds which will be very useful to us. Clearly it is 
false for Lorentzian manifolds. 

Proposition 3.3 (Mean Value Theorem). Let (E,/i) be a Riemannian manifold. Then, for 
any piecewise smooth curve a: [a, b] -*■ E, (where a, b e R ; a < b): 

r b 

d(a(a),a(b)) < L(a) = / \&(s)\ds < (b - a) sup {|<r(s)|} 

•Ja se[a,b] 

Note that this implies that, for any such curve, d(a(t),a(t')) < \t' - 1\ sup se r a 6 ]{|o"(s)|} for 
any t,t' e [a, b]. Also, as the speed of o is bounded over [a,b] (a compact set), then a is 
uniformly continuous on [a, b]. Similarly, if a-(a,b) -> E is a smooth curve such that \a\ is 
bounded on (a, 6), then a is uniformly continuous on (a, 6). 

In the following we shall be making use of the concepts of continuously extendible curves 
and extendible geodesies. These terms are defined in O'Neill [24]. We also refer the reader to 
Definition 3.6 and the discussion following in Bullock [11] . 

We shall shortly need the following theorem from O'Neill [24J (Lemma 5.8) on the extendibil- 
ity of geodesies. We quote it here for the reader's convenience: 

Theorem 3.4. Given b < 00 then a geodesic 7: [a, b) M in a Lorentzian or Riemannian 
manifold M is geodesically extendible iff it is (continuously) extendible. 

Lemma 3.5. Let 7: [a, b) -> M be a geodesic in a Riemannian manifold, then it is geodesically 
extendible iff there exists a compact set C £ M s.t. [7]:= j{[a,b)) £ C. 
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Proof. If 7 is geodesically extendible then its extension 7': [a, 6] -*■ M is continuous so C = 
7'([a,6]) is compact. Conversely, if j([a,b)) £ C then, since 7 is a geodesic, it has constant 
speed and so is uniformly continuous. As C is compact it is complete as a metric space. Thus we 
can extend 7 continuously to [a, b] by basic functional analysis. So 7 is continuously extendible 
and also geodesically extendible by Theorem 13.41 □ 

Note that this lemma is also true in the case of Lorentzian manifolds. The proof can be 
reached by applying Lemma 1.56, Proposition 3.38 and Lemma 5.8 of O'Neill [23]. In this paper 
we only need the result in its current form. 

Proposition 3.6. Consider the spacetime (M,g) = (Rx T,,dt 2 - h). Let t > and K £ £ be 
compact. Then the following statements are equivalent: 

1. C(K,t) is compact, 

2. B t (0) c €p for all p e K, 

3. J{K) n Tit is compact. 

If Statements 1-3 are true, then C(K,t) = \J peK exp p [B t (0)] = J(K) r\T, t . 

Remark. In order to make sense of this proposition, take note of the following definitions: Given 
a metric space (X, d) and K c X, then for t > define C{K,t) ■- {p e X such that d(p,K) < t}, 
where d(p,K) ■■- inf qe K{d(p, q)} (see e.g. Appendix C of Bullock [llj). We are implicitly using 
the metric d on So induced by the Riemannian metric h via Theorem 13. II We define e p £ T p M to 
be the domain of the exponential map exp p at p, induced by the Riemannian metric h. The set 
B>t(0) £ T p M is the open ball of radius t centered on e T p M with respect to the norm induced 
by hp. Note that, since C(K,t) is given in terms of the metric d induced by the Riemannian 
metric h, then all three expressions C(K,t),Bt(0) and J{K) n £ 4 depend on h. Indeed, if a 
different equivalent metric d' was chosen, then this proposition would be, in general, false. 

Proposition \3. b\ (1=>2) C(K,t) is compact => C(p,t) is compact for all p e K. Take p e K 
and let X p e B t (0), so \X P \ < t. Let a be the maximal geodesic in £ through p s.t.: <r(0) = X p , 
a-[0,b) -> S and so \&(s)\ = \X P \ < t Vs e [0,6). If b < 1, then L(cr| ') = \a(s)\ds <t't<bt<t 
and so d(p,a(s)) < L(a\{) <t Vse [0,6). And so a{s) e C{p,t) Vs e [0,6) but by TheoremESJ 
then a can be extended to a geodesic defined on [0,6 + e), contradiction. Thus 6 > 1 and 
X p e e p \fp€ K. 

(3=>2) As in the proof of (1=>2), choose p e K, X p e B t (0) and a: [0,6) -> S be the 
maximal geodesic through p with speed X p at p. If 6 < 1, for c e [0,6), let cr':[0,t] -*■ S, 
o-'(s) = cr(sf) and |o-'(s)| = f|^(sf)| < c < 6 < 1. Thus (i,0-(s)) c n £ t c J(K) n 

Et (compact by assumption) Vs 6 [0,6). Again by Theorem 13.51 then a can be extended 
to a geodesic defined on [0, 6 + e), contradiction. Thus 6 > 1 and X p e e p for all p e -fT such that 
\X P \ < t. 

(2=>1) B t (0) c £p Vp e if implies C(p,i) = exp p [J3 t (0)], which is Corollary 5.6.4 in Pe- 
tersen [26]. Note that since the exponential map is certainly continuous then it follows that 
C(p,t) is compact Vp e K. It follows from this that C(K,t) = \J p ^k C(p,t) is compact, as is 
shown in Proposition C.7 of Bullock |11| . 

(1=>3) Given q n e J(K) nS f c C(K,t), then by compactness there exists a subsequence 
Qn k -*■ Q e C(K,t) = UptK C(p,t). Thus q e C(p,t) = exp p [i?((0)] for some p e K. So there exists 
a geodesic cr: [0, 1] -> E s.t. er(0) = p, cj(1) = q, \o~(s)\ = |o"(0)| < i. So define cr': [0, t] -> E, cr'(s) = 
a(s/t), |<t'(s)| = f|o-(s/i)| < 1, cr'(0) =p, cr'(l) = q and (i,g) e J(K ) n E t by Proposition [331 so 
J{K) n Ej is compact. 
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(The final statement) When Statements 1-3 are true then, fixing p e K, we have C{p,t) = 
exp p [B t (0)] from Corollary 5.6.4 in Petersen [26]. But we have J(p)r\Y, t <= C(p,t) = exp p [B t (0)] 
for all tel. Furthermore, the argument in the proof of (1=> 3) shows: exp p [Bt(0)] 9 J(p) n Sf . 
So C(p,i) = ex Pp [B t (0)] = J(p) n S t Vp e K. Thus C(K,t) = U psK C(p,t) = U p ,k exp p [S t (0)] = 
U P rf J(p)nSi = J(iT)nEi. □ 

In particular, the content of this proposition is true when K = {p}, where p is any point in 
So- The usefulness of this proposition arises from the fact that C(K,t) is easier to visualise 
than J(K) n £ 4 as Section [6] utilises. 

We recall the notion of a globally hyperbolic spacetime: 

Definition 3.7. A spacetime (M,g) is globally hyperbolic if: 

1. It obeys the causality condition: there exist no closed causal curves. 

2. J + (p)(~)J ~(q) is compact Vp, qzM. 

Note, it is shown in Bernal and Sanchez [7] that condition 1 may be equivalently replaced 
by the "strong causality condition", which is the more common definition. 

Definition 3.8. Given a spacetime (M,g), a Cauchy surface (of (M,g)) is a subset S of M 
that is met exactly once by every inextendible smooth timelike curve in M . 

To explain the name, we note that every such set is an achronal closed topological embedded 
hypersurface in M (see Lemma 14.29 in O'Neill [23]). It is an important fact that global 
hyperbolicity is equivalent to the existence of a Cauchy surface in the spacetime as the following 
theorem states, which we include for completeness and future reference. Before we state it, we 
first define the concept of an acausal set in a spacetime, since this notion shall be used in the 
following theorem. 

Definition 3.9 (Acausal Set). A subset S of a spacetime M is called acausal if it is met at 

most once by any causal curve in M . 

An achronal set is defined similarly with "any causal curve" replaced by "any timelike 
curve" . 

Theorem 3.10. A spacetime (M,g) is globally hyperbolic iff it possesses a Cauchy surface. If 
so, then it also possesses a smooth spacelike Cauchy surface. Additionally, if H is a smooth 
spacelike acausal compact m- dimensional embedded submanifold with boundary in M , then there 
exists a smooth spacelike Cauchy surface S in M that contains H . 

Proof. If S E M is Cauchy surface then M is globally hyperbolic by Corollary 14.39 in O'Neill 
[24] . That M is globally hyperbolic implies that it possesses a smooth spacelike Cauchy surface 
is proved in Theorem 1 in Bernal and Sanchez [8]. For the last statement see Theorem 1.1 of 
Bernal and Sanchez [6]. □ 

Note that if M is n-dimensional, then in the above theorem: m e {0, ...,n - 1}. In order to 
aid the understanding of this theorem, we shall shortly give an example to illustrate why we 
cannot remove the condition of compactness. In order to state this example, we first introduce 
the concept of Cauchy development of a set, a notion that will be frequently used later. 
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Definition 3.11 (The Past and Future Cauchy Developments). Given a subset S of a spacetime 
M , then the future Cauchy development D + (S) £ M is defined as: 

D + (S) I 6 M ^ ver y P as t-i nex t en d'ible future-pointing smooth 
causal curve through p intersects S. 

The past Cauchy development D~(S) of S is defined similarly with "past-inextendible" 
replaced by "future-inextendible" . The Cauchy development D(S) of S is then defined: 
D(S) = D + (S)uD-(S). 

Using this definition, let M = -D({0} x (0, 1)) be an open subset of 2-dimensional Minkowski 
space and fix < \t\ < 1/2. Then H = {t} x (0, l)nM is a 1-dimensional smooth spacelike, acausal 
embedded submanifold and so also a submanifold with boundary (just with empty boundary!). 
However, it is non-compact in M and is contained in no Cauchy surface. 

The following proposition gives a necessary and sufficient condition for a standard static 
spacetime to be globally hyperbolic. The content of this proposition is already known. However, 
we give here an alternative proof. See Lemma A. 5. 14 in Bar, Ginoux and Pfaffle [3] or Theorem 
3.67 in Beem, Ehrlich and Easley [5J for other proofs. 

Proposition 3.12. Given the Riemannian manifold (£,/i), then the standard static spacetime 
(M,g) = (R x E, dt 2 - h) is globally hyperbolic iff(Y,,h) is a complete Riemannian manifold. 

Proof. Let (£,/i) be complete. We wish to give two proofs that (M,g) is globally hyperbolic, 
namely that it possesses a smooth spacelike Cauchy surface and that it satisfies the definition 
of global hyperbolicity (equivalent by Theorem 13. 10p . 

We wish to show that £o = {0} x E is a smooth spacelike Cauchy surface. Let j-I -> M 
be a smooth inextendible causal curve w.l.o.g. given by ^(t) - (t,a(t)), where a- 1 -> £ is a 
smooth inextendible curve in £ with speed bounded by 1. Then if / + R then as a is uniformly 
continuous and £ is complete then a can be continuously extended to the closure I of I in 
R, where / + I', contradicting the inextendibility of a. Thus I = R, 7(0) e Eo, and so any 
inextendible smooth causal curve passes Eo- Note also the parametrisation: ^y(t) = (t,a(t)) also 
shows that it must pass £0 once and only once. 

We now show that M satisfies the definition of a globally hyperbolic spacetime. That it is 
causal follows from the previous argument. We must now show that J + {x) n J~{y) is compact 
for all x,y e M. Let x = (t,p) and y = (t',q). By Proposition 13.61 since (E,/i) is complete we 
know that J + (x) n E s = {s} x C(p, s -t) for all s > t. Thus: 



J + (x)n J~{y) 



UW*c(p, fl -t) 



s>t 



\JW}xC(q,t'-s') 



Ls'<? 



= U {s}xC(p,s-t)n{s'}xC(q,t'-s') 

s>t,s'<t' 

- U {s}x[C(p,s-t)nC(q,t'-s)] 

t<s<? 

Note that C(p,s - 1) n C(q,t' - s) is compact since complete Riemannian manifolds obey the 
Heine-Borel property (Theorem 16 of Petersen |26j). Let z n = (s n ,r n ) e J + (x) n J _ (y), so 
s n e [t, t'] and r n e [C(p, s n - 1) riC(q, t' - s n )]. By taking successive subsequences we have that 
s nk -*■ s € [t,t r ] and r Uk -+re C(p,s - 1) n C(q,t' - s). So z nk -> z - (s,r) e J + (x) n J~(y) and 
the latter is compact. 

Now for the converse: If (E, h) is not complete, then e p + T p E for some p e E. So 3X p e T p E 
s.t. \X P \ = R, B(0,R) c e p and X p £ e p . Consequently, there exists a geodesic a- [0,t) -*■ E that 
is (continuously) inextendible by Theorem 13.41 and has unit speed. Let x = (0,p), y = (2t,p) 
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so (t,a(s)) e J + (x) n J~(y) Vs e [0,i). If (M,g) is globally hyperbolic, then J + (x) n J _ (y) is 
compact and for all s e [0,i): <r(s) e 7r^ 1 [Si n J + (x) n J~(y)], where the RHS is compact in E. 
So, <t is extendible by Lemma which is a contradiction. □ 

Note that since global hyperbolicity is preserved under conformal transformations then we 
also have the following result: 

Lemma 3.13. Given the Riemannian manifold (E,/i) and the smooth function V e C°°(£), 
V > then the standard static spacetime (M,g) = (Ex Y,,V 2 dt 2 - h) is globally hyperbolic iff 
(E,V~ 2 h) is a complete Riemannian manifold. 

We shall now analyse the Cauchy development D (So) of the set So in a standard static 
spacetime. Note that the Cauchy development of a set may be open (in the case of D({0} xR)c 
M 1+1 ) or closed (as in the case of D({0} x [a, b]) £ M 1+1 ). The following proposition states that 
in a standard static spacetime the Cauchy development of So is open. Thus it is a smooth 
embedded submanifold and the metric g gives it the structure of a spacetime. Note that this 
spacetime is also static but not in general standard static (e.g. let M = R x (0, 1) be a strip in 
Minkowski space with the induced Lorentzian metric. Then Z)(So) is an open diamond.) In 
fact, this spacetime -D(So) is also globally hyperbolic. 

Proposition 3.14. Let (M,g) = (R x T>,V 2 dt 2 - h) be the standard static spacetime in Defini- 
tion \2.1\ then So is an acausal smooth embedded spacelike hypersurface in M. Also, M satisfies 
the causality condition. 

Proof. We have shown in Proposition 13.21 that if 7: 1 -*■ M is a causal curve meeting So (where 
/ is an open interval of R) then, after taking a reparametrisation, we may let 7(f) = (i,cr(i)), 
where a- 1 -> S is a smooth curve with speed bounded by 1 and e / and clearly 7 only passes 
So once. A similar argument also works for the second statement. □ 

Proposition 3.15. Given any acausal topological hypersurface S in a spacetime (M,g), then 
D(S) is open in M and (D(S),g) is a globally hyperbolic spacetime. In fact S is a Cauchy 
surface for (D(S),g). 

Proof. See Propositions 14.38 and 14.43 of O'Neill [21]. □ 

Thus a consequence of the previous two propositions is that given a standard static spacetime 
(M,g) - (Rx T,,V 2 dt 2 - h) then (D(So),5 r ) is a globally hyperbolic spacetime. We now give an 
explicit expression for D(T,q) and an alternative proof that it is an open set in M. 

Proposition 3.16. Given a standard static spacetime (M,g) = (R x T,,V 2 dt 2 - h) then the 
following statements are true: 

1. D + (T, ) = {(t,p) e M: C(p,t) is compact in £,t > 0}. 

2. -CT(So) = {(-t,p) e M: C(p,t) is compact in E,f > 0} = TD + (S ). 

3. £>(£o) = £> + (S ) u IT (S ) = {(t,p) 6 M: C(p, \t\) is compact in S}. 
4- -D(So) is open in M , 

where C(p,t) is the closed ball centered on p of radius t in the metric on S induced by the 
Riemannian metric V~ 2 h (see Theorem 13. ip . T ■ M -*■ M is the smooth map: T(t,p) = (—t,p) 
and So = {0} x S. 

Before we prove Proposition 13. 161 we prove the following very useful result: 
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Proposition 3.17. With the definitions of the previous proposition, let K £ £ and C(K,t) be 
compact in £, where t>0, then {t} x K £ D + (£ ). 

Proof. As usual we let w.l.o.g. V = 1 for simplicity. Let p € K and 7: / -> Rx £ be an inextendible 
future-pointing smooth causal curve through (t,p), where / is an open interval of R. By 
Proposition 13.21 w.l.o.g. we can set 7(5) = (s,<r(s)) Vs e I, where cnl -> £ is a smooth curve 
with t e I, <r(i) = p and |<r(s)| < 1 Vs € J. Let I = (a, 6) where 6 e R u {00}. If a > then for 
s e (a, i): 

d(p,o-(s)) < £(o-|*) = y <t-s<t 

and so cr(s) e C(ET, t) Vs e (a, i). But since a is a smooth curve in £ with speed bounded by 1 it is 
uniformly continuous by the Mean Value Theorem (Theorem [33]) and since it is contained in the 
compact (and thus complete) set C(p,t), then it can be continuously extended, contradiction. 
Thus a < and 7 passes £o- □ 

Corollary 3.18. Again, with the definitions of the previous propositions, if C{K,t) is compact 
in £ then {s} x C(K,t-s) £ £> + (£ ) for all s e [0,t]. 

Proof So (by Proposition C.4 of Bullock [llj), C(K,t) = C(C(K,t- s),s) is compact. By the 
previous proposition then {s} x C(K,t - s) £ Z) + (So) for all s e [0,i]. □ 

Proposition \3.1b\ Again, for simplicity and w.l.o.g. assume V = 1. We start by proving State- 
ment i : 

D + (£ ) = {(t,p) 6 M: C(p,t) is compact in E,f > 0} 

That the RHS is contained in the LHS follows from Corollary 13.181 with K = {p} and s = t. For 
the converse, let (t,p) e _D + (£o). So i > and any past-inextendible future-pointing inextendible 
smooth causal curve through (t,p) passes So- Thus, using the symmetry of the spacetime, any 
future-pointing future-inextendible smooth causal curve through (t,p) passes £2*- Take for 
instance the curve j:I -*■ M, where e /, 7(5) = (t + s,a(s)) and a is an inextendible geodesic 
with cr(0) = p and ct(0) = X p , with \X p \ < 1. Let / = (a, 6). The curve 7 is thus causal and 
inextendible and so passes £2* and so b > t. Alternatively if \X P \ < t then (by Lemma 5.8 
(Rescaling Lemma) in Lee [20]) b > 1 and so B(0,t) £ £p or, by Proposition 13.61 C(p,t) is 
compact in £. 

Statements and 3 follow. Now for the proof of Statement 4 that D(£o) is open. Let 
(t,p) e -D(£o) w.l.o.g. t > 0. So C(p,t) is compact in £ and from Corollary C.6 of Bullock [11| . 
there exists e > s.t. C(p, t + e) is also compact. We propose that: 

(-H).« + iH(>.§)= D PW- 

This follows by showing that if (s,g) 6 (-(f + |),t + |) x 5(p, |) then C(q,s) is compact (the 
result then follows from the description of D(£o) just proven). Firstly, we can set w.l.o.g. 
se [0,t + |), c?(p, g) < |. But r e C(g, s) => <i(r, q) < s and so: 

d(r,p) < d(r, g) + d(q,p) < s + ^ < t + ^ + ^ = t + e. 

So C(q,s) £ C(p,t + e) and as the RHS is compact then so is C(q,s). □ 

It is well known that given a globally hyperbolic spacetime and smooth initial data of 
compact support defined on a smooth spacelike Cauchy surface then the Klein-Gordon equation 
can be solved uniquely with respect to this data: 
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Theorem 3.19 (Existence and Uniqueness of Classical Solutions on Globally Hyperbolic Space- 
times with respect to compactly supported initial data). (Bar et al. [3] Theorem 3.2.11) Let 
(M,g) be a globally hyperbolic spacetime with smooth, spacelike Cauchy surface S. Then the 
Klein- Gordon equation has a well-posed initial value formulation, that is, given data 4>o,4>o e 
Cfi°(S) then there exists a unique solution ip e C°°(M) to: 

(Q, + m 2 )V = 
ip\s = 4>o 

V n ^|s = <Po, 

where n is the unique unit smooth future-pointing timelike vector field along S normal to S. 
Moreover: 

suppip c J(K) 

where K = supp <j)Q U supp <f>o . 

Note that there exists along any smooth spacelike surface S in a spacetime M such a smooth 
vector field n along S normal to S (the smooth vector field n is not to be confused with the 
dimension of the spacetime). For completeness, this is proven in Proposition E.l of Bullock |llj . 
Note that the orientability of M or S is not assumed. 

We shall use a modification of this theorem in the next section, that is, we can drop the 
condition on the data of being of compact support. This is shown e.g. in Theorem B.l of 
Bullock pi]. 

4 The Existence of Wald solutions 

In this section we show how to construct our solution to the Klein-Gordon equation from the 
vector- valued function t -*■ [4>t]- This section is strongly based on the paper by Wald [38!, but 
is extended in the following aspects. The more recent result by Bernal and Sanchez [6j on 
the extendibility of subsets of the spacetime to smooth spacelike Cauchy surfaces in globally 
hyperbolic spacetimes (the second half of Theorem I3.10P is needed to complete the proof on 
the existence of Wald solutions. We also extend Wald's proof to the case of acceptable s.a.e.s. 
The reference for the results on globally hyperbolic spacetimes is, as usual, Bar et al. [3]. This 
section is of great importance to us as it proves that the construction of Section [2] defines a 
smooth solution to the Klein-Gordon equation. We answer in the next section the question of 
its uniqueness. 

We start with a theorem concerning the agreement between our solution (Equation (j2.8f) . 
pj6| to the Hilbert space version of the Klein-Gordon equation (Equation 12.61 p(5j) and that 
arising from an application of Theorem l3.19l (or rather the generalisation mentioned thereafter): 

Theorem 4.1. Given initial data </>o,<^o e Xe, where Ae is an acceptable s.a.e. of A, choose 
4>t 6 Xe s.t. [(j) t ] - C(t, Ae)[4>o] + S(t, Ae)[4>o]- If we define the function 4> on M by: </>(i,x) = 
(pt( x ), and let tp be the unique smooth solution in D(T,q) satisfying this smooth Cauchy data 
according to Theorem B.l of Bullock /jjj/ then <f> = tp in D(Y>o) and, in particular, <P\d{t, ) ^ s 
smooth and solves the Klein-Gordon equation there. 

Note that if Ae is bounded-below then A E is bounded and xe - {/ 6 C°°(E) s.t. [/] e 
D(A~)}. 

This is proven by contradiction. The proof is due to Wald [38J but completed (by reference 
to a more recent result of Bernal and Sanchez |6j on the existence of smooth spacelike Cauchy 
surfaces) and extended to the case of acceptable s.a.e.s dealt with in this paper. The proof is 
included for completeness. 
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where (M,g) = (Rx 
(0,1), eft 2 -dx 2 ) 
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Proposition 4.2. If there exists t\ such that 4> t if) everywhere in a non-null set in E^ nD(Eo), 
then there exists a compact set H in E^ n_D(So) and a smooth spacelike Cauchy surface S for 
D(E ) s.t. H c S and vol h {{t x ,x) e H: tp(h,x) t (f)(ti,x)} > 0. 

Proof. So, by assumption there exists t\ e M such that 



Now we construct a smooth compact embedded submanifold with boundary H of E^ n D(Eo) 
s.t. 



Firstly, let U = {(t±,x) e E^ nD(Eo): ifi(tx,x) ± (f)(ti,x)}, so vol/ l (C7) > 0. Since any mani- 
fold has a countable atlas (see e.g. Warner [3D], Lemma 1.9), then there exists such an atlas 
(V n , n ) n >o of E tl n D(E ) with f/ = Un>o ^ n V n and vol/ 1 (f7) < £n>o vol/ l (C7 n 14 ) and so there 
must be one chart (V n ,4> n ) s.t. voLj(J7n F„) > 0. Let (V,(p) = (V n ,(j> n ). 

Secondly, by a similar argument, as <fi(V) is a open subset of M N and any open subset 
of WL N can be covered by a countable number of open balls then there exists an open ball 
B = {x €M N s.t. \\x\\ < r} (w.l.o.g. centered at 0) s.t. B c 0(y) and vol h (U n ^ _1 (-B)) > 0. 

Lastly, since B = {i£ 1^ s.t. < r} is covered by the countable collection of closed balls 
C n - {x € s.t. < r n } where (r n ) n >i is any sequence of positive reals s.t. r n / r and 
as before there must exist n > 1 s.t. vol/ l (f7 n <j)~ l {C n )) > 0. Let -ff = (j)~ l {C n ) be the desired 
smooth compact submanifold with boundary of E^ n D(Eo). Since H c £ ti n D(Eo) and the 
latter is a smooth spacelike acausal embedded submanifold then H is a smooth compact acausal 
spacelike embedded submanifold with boundary of the spacetime (-D(Eo),g). The reason for 
this construction is that it allows us to apply Theorem l3.10l Thus there exists a smooth spacelike 
Cauchy surface S of (D(Eo),g) which contains H. □ 

Now let ft x be a smooth compactly supported function on S with support in S n £ tl such 
that ft t > and ft x - 1 on H. Thus: 



and define / to be the unique smooth solution to the Klein-Gordon equation on -D(Eq) with 



vol fc {(ti,x) e E tl nD(E ):ip(ti,x) * <t>(h,x)} > 0. 



(4.1) 



vo\ h {(ti,x) 6 H: ip(ti,x) * <j)(t\,x)} > 0. 




Cauchy data (0,/i) on S, according to Theorem 13.191 
We define F: [0,ti] xS->K as: 
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Proposition 4.3. F satisfies the following: 

1. suppF is compact in [0,t\] x EnD(Eo). 

2. It is compactly supported on each Et n .D(Eo) for < t < t\. 

3. F e C°°([0, ti] x E) (as a smooth manifold with boundary). 
4- {U g + m 2 )F = ("as an element o/C°°([0,ti] x S)j. 

5. supp(d t F) n E tl = supp f tl g S n E tl and d t F(p) = f tl (p) for p e 5 n E tl . 

6. F| Eti = 0. 

Proof. By construction supp /t x compact in S 1 and contained in D(So)nS il . As all hyper surf aces 
concerned are embedded, then all have their topologies induced from that of M and thus supp ft x 
compact in D(T,q). 

But, the causal past of a compact set intersected with the causal future of a Cauchy surface 
S (in a globally hyperbolic spacetime) is always compact (see Corollary A. 5. 4 of Bar et al. [3]). 
Thus: 

J D(E )( su PP/i) n ^d(£ )( S o) is compact in D(E ). 

So, J^,/ E s(supp fi) n [0, t\] x £ is compact in -D(Eo) an d so also in [0, ii] x E n D(So). Thus, 
suppF c supp / n [0,t\] x S is compact in [0,t%] x S n D(T,q) and Statement 1 is proved. 
Statements 2 and 3 follow directly from 1. Now, since, by definition, F is locally equal to 
either / or 0, where both are smooth solutions to the Klein-Gordon equation, then Statement 4 
follows. Statements 5 and 6 result straight from the definitions of F and /. □ 

Theorem 4.4. The functions (fi and ip are equal on D(T,q). 

Proof. If there exists t\ such that (fitip everywhere in a non-null set in n D(Eo), construct 
H, S and F as above. Now define: 



»-j^['(2-s)-£<*-«: 



dvoU (4.2) 



Clearly since (fit and -g- are only defined a.e. in S we should point out that any other choices 
in the same respective equivalence classes would yield an identical value of c. As both functions 
are in £ 2 (£), then multiplying by the smooth functions of compact support, F and we 
obtain an element of >C 1 (S). 

The smooth function ifi is only defined in D(T,q) and so on each hypersurface Et n D(£o), 
?/> and ^ are smooth functions but as F and ^ are compactly supported smooth functions 
on each Et n D(Eo), then and ^-srip are easily definable and smooth on each Et, t e [0, t{\. 
Indeed they are of compact support also so they are integrable on Et (since we are dealing with 
a Radon measure). Thus: 
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dt Js t dt \ dt dt ) \ dt 2 

= [v-> 



d 2 & 



d 2 F 
dt 2 



' dt\dt dt ) 



3 2 i) d 2 F ' 

F-r^ TT-^-lp 



dt 2 dt 2 



dvolh 



F 



d 2 (j) t d 2 F 

~dW~~bW 



dt 2 
[ r> 

= f V- 1 [FVD i (VD i Tp)-VD i (VD l F)ip]dvol h - f V' 1 
= f [FD\VD^)-D\VDif)if\dvo\ h - [ V' 1 



dvolh 



dvolh 
d 2 6, 



F- 



dt 2 



F 



d 2 c 



d 2 F 



= f [-(D'FXVD^) + (VD.FXD^)] dvol h - f V~ l 
r i T d 2 6 t d 2 F 1 



dt 2 dt 2 

d 2 6, d 2 F 



d 2 F 
dvolh 



dvolh 



dt 2 dt 2 



dvoh 



dt 2 dt 2 
= (F,A E t )-(A E F,<p t ) 
= 0. 

But, Vlso = and ^| So = </>o, so c(0) = 
and since F\t x - by definition, we have: 



ih) = ~ f V~ l F tl (tp - <t>t)dvoli 



t 0. 

However c e C 1 [0,ii] and so this last statement contradicts the Intermediate Value Theorem, 
yielding that <j> = ip a.e. in D(T,q) n £ t for all t. Since (f) and ip are continuous, then (f> = ip in 
-D(Xo) n S( for all * and so <f> = ip in D(£o). D 

Thus we have proven Theorem 14.11 We shall now show that <p solves the Klein-Gordon 
equation everywhere in M. 

Theorem 4.5 (Existence of Wald Solutions). Let A E be an acceptable s.a.e. of A. Given any 
pair of functions <po,<po e XE, f° r each t e K define (pt e uniquely by: \_<pt\ - C(t,A E )[<po] + 
S(t, Ae)[4>o] and define the function eft on M as (p(t,x) - <pt(x), where cpt e C°°(E). T/iis 
function is smooth, solves the Klein-Gordon equation and satisfies the Cauchy data (cpo,(po), 
that is <f>\z = 0o, d t (f>\T, = <fio- 

Proof. Given p = (t\,x) e M, we wish to find an open neighbourhood of p in M in which (p is 
smooth and satisfies the Klein-Gordon equation. We begin by reformulating our vector-valued 
solution. We propose that: 

[<p t ] = C(t,A E )[cp ] + S(t,A E )[<j) ] 

= C(t -t 1 + h,A E )[<h] + S(t -h + i l5 A E )[<]>o] 
^IO^-^A^C^Ae) - A E S(t-t 1: A E )S(t 1: A E )][<p ] 

+ [S(t-t 1 ,A E )C(t 1 ,A E ) + C(t-t 1 ,A E )S(t 1 ,A E )][<j> ] 
= C(t-t 1 )[C(ti,A E )[ ( /> 1 ] + S(t 1 ,A E )[<j> ]] 

+ S(t-t ll A E )[-A E S(t 1 ,A E )[<p ] + C(t 1 ,A E )[<j )0 ]] 
= C(t - h, A E )[<ki] + S(t - h,A E )[<j) tl ]. 
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Here, we have used the identities: 



C(ii + t 2 ,A E ) = C(h,A E )C(t 2 ,A E )-A E S(t 1 ,A E )S(t 2 ,A E ) 
S(h + t 2 ,A E ) = S(h,A E )C(t 2 ,A E ) + C(t 1: A E )S(t 2 ,A E ) 

on D(A E ). But §t x ,§t\ e Xe an d Theorem 14.11 can be applied to this data to show that (j) 
is smooth in the open neighbourhood D(Y> tl ) of p and satisfies the Klein-Gordon equation 
there. □ 



5 Uniqueness of Wald Solutions 

We so far have concerned ourselves with constructing a class of solutions to the Klein-Gordon 
equation on standard static spacetimes. Our set of prescriptions is parametrised by acceptable 
s.a.e.s A E of the linear operator A on the (real or complex) Hilbert space L 2 (T>, V^dvol^)- For 
each such linear operator A E we show that the solution to the Klein-Gordon equation w.r.t. 
chosen Cauchy data it generates is unique up to some conditions yet to be stated. We will use 
this result to define a vector space of solutions, corresponding to each acceptable s.a.e. A E . 

Theorem 5.1 (Uniqueness of Solutions (i)). Let A be the symmetric linear operator on the 
(real or complex) Hilbert space L 2 (Z,V- 1 dvol h ), defined by: D(A) = [C °°(£)], A([<f>]) = 
[{-VDWDi + m 2 V 2 )4>\ for <p e C£°(£). Let A E be an acceptable s.a.e. of A and if ^ e 
C 2 (M) satisfies (Q, + m 2 )* = 0, *| Sd = 8 t ^ = 0, [<(*|t)] e D(A E ) and [<(^*| t )] e 
L 2 (S, V dvolh) for all t (where 7r t * is the pull-back of the map 7r$:£ -*■ Tit), then \P = 0. 

We start with a proposition, which has its roots in distribution theory on arbitrary Rieman- 
nian manifolds. 

Proposition 5.2. Take A and A E as above. If (j) e C 2 (£) suc/i that [(/)] e D(A E ), then 
A E [<t>] = [(-VD i VD i + m 2 V 2 )<l)]. 

Proof. We know (already stated on pJU, that the adjoint A* of the linear operator A is given by: 
D(A*) = {(f}€L 2 (T,V- 1 dvol h ) s.t. A(j)€L 2 (T,V- 1 dvol h )}, since A is formally self- adjoint with 
respect to the smooth measure V dvol^, which is proven in Proposition D.10 of Bullock |11| . 
We can strengthen that proposition to the following case: 

J (AfyOV^dvolh = J^AO^^dvoih, 

for all (j) e C 2 (£) and 9 e CJ°(£), since A is of second order and commutes with complex 
conjugation. The proof is similar. Then, if e C 2 (£) and [(j)] e D(A*), we have: 

A *[<l>\(9) = J^(t>(A6)V- l dvo\ h = J (A&ev^dvolh = [A</>](6), 

where -A*[</>] is meant distributionally. Therefore -A*[</>] = [j4</>]- Lastly, since A E is a s.a.e. 
of A, then A < A E and we have: A E < A*. So, A E is the restriction of A* to space D(A E ). 
Therefore, if e C 2 (£) and [0] e then A E [<f>] = A*[<f>] = [A<f>]. □ 

Theorem \5.1[ We use a proof by contradiction. Firstly, we point out that if (J3g + rn 2 )^ = 
0, then a 2 * = -A*. But as TTt(ty\t) e D(t4e), by the previous proposition: ^4(7r t *(^|t)) = 
A B «(*|t)) e L 2 (£,^ _1 dvol A ) and thus <(d^| t ) e L 2 (£, V _1 <fvol ft ) also. If * * 0, then 
there exists t\ e M such that * 0. Let / tl e C~(£ tl ) such that L f tl ^V~ l d\o\ h ± and 

let /t = S(t - ti,AE)(TTtifti) be the vector- valued function. According to Theorem 14.51 on the 
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existence of smooth Wald solutions, this function can be represented by the smooth solution 
/ e C°°(M) to the Cauchy problem with smooth initial data (0,/^), of compact support on 
E^. We now evaluate the symplectic form at our two solutions and /: 

c(t)= f [d t f* - fdt^V^dvoh 

J St 

[^{d t n t )^^ t )-^{f\ t )^ t {d t ^ t )}v- i dyo\ h . 



IT, 

Then clearly c(t\) * and c(0) = but: 

^= f [%f*-fd?V] = -(Af,V) + (f,Ay) = -(A E f,y) + (f,A E y) = 0, 
dt JT, t 

which is a contradiction. □ 

Lemma 5.3 (Uniqueness of Solutions (h)). Let A E be an acceptable s.a.e. of A. Given two 
solutions *i,*2 e C 2 (M) of the Klein-Gordon equation (D g + m 2 )^ = 0, such that \J/i|e = 
*2|s 0) $*i|e = dt^iko and for allteR and i = 1,2: [<(*<!*)] e £>(^s) and [7r t *($*i|t)] e 
L 2 (£, V~ l dvolh), then *i = 

Proof. Let ^ = -\&2, then ^ e C 2 (M) and satisfies the conditions of the previous proposition 
since all operations concerned are linear and D(A E ) and L 2 (S, V~ dvolh) are vector spaces. 
Thus $ = 0. □ 

We note here the following trivial generalisation, the proof of which is similar to those 
previous. It will be this result that will be of use in Section [7] in describing the support of the 
Wald solution <j>. 

Lemma 5.4 (Uniqueness of Solutions (iii)). Let A E be an acceptable s.a.e. of A. Given two 
solutions ^1,^2 e C 2 ([ti,t2) x S) of the Klein-Gordon equation (D g + m 2 )^ = such that 
*l|s tl = *2|s tl , 9t*i|s tl = d t ^2\s H and for all t e [ii,t 2 ) and % = 1,2 we have: [flf (*i| t )] e 
D(A E ) and [>r t *($¥*|t)] e L 2 (£, F _1 d«c4), £/ien = 

Using Theorems 14.51 and 15.11 on the existence and uniqueness of solutions to the Klein- 
Gordon equation, we will find it useful to define a vector space of solutions, for each acceptable 
s.a.e. A E of A. We show that it can be given a natural symplectic structure in Section [9l It's 
this structure that is required for the construction of the Weyl-algebra, however we will not be 
concerned with quantisation in this paper. 

Definition 5.5 (Space of Solutions). Given an acceptable s.a.e. A E of A, define the space of 
solutions, S E to be: 

S E = C°°(M): (p g + m 2 )0 = J 7rf 1 (&W(&) e XE for all t} 

Proposition 5.6. We have the linear isomorphism: ^-Xe x Xe -* S E , defined by ^((po, 4>o) = <P> 
where <f> is constructed using Theorem \4-5\ on the existence of Wald solutions. 

Proof. Clearly \t is linear. Surjectivity follows since, if ip e S E , then tpo,ipo e xe- Let <j) be the 
Wald solution, satisfying the Cauchy data (V'O)V'o)- Then t/j and (ft satisfy all the conditions of 
Theorem 15.11 on uniqueness and so ip = <p. □ 
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6 Causal Structure of Standard Static Spacetimes (ii) 



We shall in Section [7J further analyse some of the properties of our constructed solutions to 
the Klein-Gordon equation. However, we must first prove some basic properties of the causal 
structure of standard static spacetimes. One apparently simple result of this section is that if 
K is a compact subset of Eo then for all sufficiently small t, J + {K) n T, t is compact in E^. It 
will be this result and the adapted uniqueness result of Lemma 15.41 which will prove useful in 
the next section. We shall also need to prove more properties of J + (K) to be used in Section [71 
For all the results of this section, let (M, g) = (Ix E, V 2 dt 2 -h) be a standard static spacetime 
as in Definition 12.11 However, in all the statements we can set w.l.o.g. V = 1, since both the 
Cauchy development and causal future of a set in a spacetime are identical for conformally 
related metrics. 

Proposition 6.1. Let K £ £ be a compact set. If J{K) n Et is compact then J{K) n E^ is 
compact for all \t'\ < \t\. Define: 

t°°(K):= sup{t > 0: J + (K) n £ t is compact in £ t }. 

Then t°°{K) e (0, oo]. Furthermore, the following are true: 

1. J(K) n £ t is compact for all \t\ < t°°(K). 

2. Ift°°(K) < oo then J(K) n E t is not compact for all \t\ > t°°(K). 

3. If £ is complete, then C(K,t) is compact for all t and t°°{K) = oo. 

4- If t°°{K) = oo for any non-empty compact set K, then E is complete. 

Note that E is complete as a metric space iff geodesically complete by the Hopf-Rinow 
Theorem (see e.g. Theorem 6.13 Lee [20]). If so, then E obeys the Heine-Borel property, that 
is K c E is compact iff K is closed and bounded (see e.g. Theorem 16 in Petersen |26j). 

Proof. Let t > 0. If J(K) n E t is compact, then, by Proposition [Ml J(K) n E t = C(K,t). But 
as C{K,t) is compact, it easily follows that C(K,t') is compact for all \t'\ < \t\ and similarly for 
J(K) n Ef. That t°°(K) > is proven as follows. As K is compact, then, by Proposition C.5 of 
Bullock [11], C(K,t) is compact for some t > and so J + {K) nEj is compact by Proposition (3]6j 
It then follows that t°°(K) > and also that Statement 1 is true. If t°°(K) < oo and J(K) n 
^i°°(_ftr) is compact then C{K,t°°(K)) is compact, as is C(K,t°° (K) + e) for some e > (by 
Proposition C.6 of Bullock [H]), and so also J(K) n E 4 oo(^) +e which contradicts the definition 
of t°°(K). This proves Statement 2. If E is complete, then, for all t, as C(K,t) is closed and 
bounded, so it's also compact by the Heine-Borel property. Statement 3 then follows from 
Proposition 13.61 If p n is a Cauchy sequence, then it is bounded and so contained in the compact 
set C(K,t) for some t and so p n converges, which proves Statement 4- D 

Proposition 6.2. Let C{K,t) be compact in E, where K is a compact subset o/E and t > 0, 
then {%}xC(K,$) c D^- 
Proof. This follows from Corollary 13.181 with s = | . □ 
Corollary 6.3. If J(K) n E 4 is compact, then J(K)n^t c D(E ). 

Proof. This follows from Proposition 16.21 and repeated use of Proposition 13.61 □ 
Proposition 6.4. For all < t\ < t^: 
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1. TT(J(p)n^ h )c 7r (J(p)n^ t2 ) 



2. 7r(D(S )nS 42 )c vr ( J D(S )nS tl ), 
where tt-M x S S is i/ie map: 7r(i,:c) = x. 
Proof. We can set w.l.o.g. V = 1 since otherwise: 

= ^(pW-v-^ nS fl )c Tr(J(p) dt 2_ v -2 h n E fa ) = Tr(J(p) V 2 dt 2_ h n S t2 ), 

where our subscript notation highlights the dependence of J{p) on the metric. 

To prove Statement 1: If g e LiJ5, then 3 7 :[0,ii] M x S,7(i) = 0,cr(t)), |d"(i)| < 1, 
(7(0) = p, a(t x ) = g. Let 7 '= [0,t 2 ] - R x S, Y(t) = (^^|)), lf| 2 - 1 - (|)V(*|)| 2 < 0, 
7'(0) = (0,p), 7'(t 2 ) = (t 2 ,g), so that g e 

Statement 2 follows from Proposition 13.161 □ 

Corollary 6.5. J(p) n S tl £ Z?(S ) =► J(p) n S t2 £ £>(S ) V0 < h < t 2 . 
Proposition 6.6. Ift°°(K) < oo, then J(K) n E t ~,( K y 2 £ Z)(S ). 

Proof. Again w.l.o.g let V = 1. We know via Propositions 16. ll and 13.6] that: B{p,t) <= e p for all 
t < t°°{K) and p e K; B(p,t°°(K)) c £p for all p £ K, and that there exists p e K such that 
B(p,t°°(K)) $ e p . Thus there exists X p e T p S\e p with = t°°(K). We hold that there must 
then exist a geodesic a- [0, 1) -> S inextendible to 1 such that <t(0) = X p . 

To show that this is true, let a : [0,a) -»■ S the maximal geodesic, starting at p with 
cj(0) = X p . If a > 1, then X p e e p by definition, which is however a contradiction. If a < 1, then 
7 be the geodesic through p with 7(0) = oJ p . By the rescaling Lemma, a being inextendible 
to a implies that 7 is inextendible to 1. So, by definition, aX p i e p . But \aX p \ < \X P \ - t°°(K), 
which is a contradiction. 

Now that the existence of the geodesic a is proven, define a':[0,t°° (K)) -*■ S via: er'(s) = 
a( foo ^ ). It satisfies: ^'(s)! = l^( t°°7Kl )l = ^ an( ^ ^'(O) = P- So, from Proposi- 

tion E21 x = (£ZifQ 5CJ '(£!1^0)) e n £ t0O(A - )/2 . Now define q: (0,t°°(if)/2] -» R x S, 

a(s) = (s,a'(t°°(K) - s)). Since a is inextendible to 1 then a' is inextendible to t°°(K) 
and so a is past-inextendible to 0. Clearly, a does not pass So although a(t°°(K)/2) = 
(t°°(K)/2,a'(t°°(K)/2)) = x. Since a is a future-pointing past-inextendible smooth causal 
curve passing x but not So, then x i D(T,q). Thus x e J(K) n Y, t °o( K y 2 \Z)(So). □ 

Corollary 6.7. The following statements are true: 

1. J(K) nS t c D(S ) V0 < t < t°°(K)/2. 

2. t°°(K) < 00 =► J(K) n S t £ £>(S ) V* > t°°(K)/2. 

3. h(K):= sup{f: J + (A') nS(C L>(S )} = t°°(K)/2. 

For the purposes of the following section, we continue these arguments to define an increasing 
sequence: 

t n+1 (K): = sup{t: J + (K) n St c D(S tn(iC) )}, 

where to(-?0 = and the resulting definition of t\{K) agrees with that used above. We are led 
to the following corollary: 

Corollary 6.8. The following statements are true: 
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Ex S 




K 



1. J(K) n St c D(S t „ w ) Vt„(K) < t < (1 - £)t°°(iO. 

2. < oo J(Jf) n St £ D(Z tniK) ) Vt > (1 - i)i°°(iO- 
5. i n (i<Q = (1 - ±)t°°(K) /t°°(K) asn^oo. 

7 Support of Wald Solutions 

We now prove a result concerning the support of our "Wald solutions" . It is in fact not true that 
given Cauchy data consisting of two test functions (<po, (fio) then the support of the corresponding 
solution 4> (w.r.t. some acceptable s.a.e. Ae of A) as constructed in Theorem 14.51 is necessarily 
contained in J(K), where K = supp^o u supp^o and J{K) is as usual the union of the causal 
future and past of K: J{K) = J + (K) u J~(K). A counterexample is given in Section Til. 51 

It would however be natural to guess that up until a time at which data can pass to a 
possible edge, the support of <fi is contained in J(K). More precisely, if we define: 

t°°(K) =sup{t>0: J + (K)nS 4 is compact in S t } e (0,oo], 

then we propose that supp^n [-t°°(K), t°°(K)] x S c J(K). It was proven in Proposition 16.11 
that t°°{K) > 0, so this is a non-trivial statement. At first sight it might appear that this result 
is trivial. Since -D(So) is a globally hyperbolic spacetime we know that supp^nD(So) £ J(K) 
however this does not show that cf> is zer ° i n the shaded triangular region in Figure [2j Thus this 
does not even prove that is compactly supported on S t for small t. 

The proof we give shortly uses the uniqueness result of Lemma 15.41 and the sequence t n {K) 
constructed in the previous section. We shall define ^f:(-ti(K),ti(K)) x S R to be equal 
to (j) inside J{K) and zero outside it. We shall show that ^ so defined is smooth, compactly 
supported on St for t e (-tx(K),ti(K)) and satisfies the Klein-Gordon equation in its domain. 
Thus [v^lst] e D(A) £ D(Ae) and so Vl/ = eft in the domain of by Lemma 15.41 By induction 
and the fact that t n {K) / t°°(K) the result then follows. 

Proposition 7.1. Given </>o,<^o e C™(Y,) ^ ^ ~ suppfio u supp<j)Q. Define t°°(K) as earlier. 
Let <f> be the solution to the Klein-Gordon equation generated by some acceptable s.a.e. Ae of A 
and data ((j>o,(fto) via Theorem \4-5\ Then: 

1. Ift°°(K) = oo then: supp(f)^J(K) 

2. Ift°°(K)<oo then: suppcj) n [-t°°(K), t°°(K)] x S c J(K) 
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Proof. If t°°(K) = oo, then, by Proposition EH (E,V^ 2 /i) is a complete Riemannian manifold 
and so M is globally hyperbolic by Lemma [3.131 and supp</> £ J{K) follows from Theorem 13. 191 
If t°°(K) < oo, construct a strictly increasing sequence (t ra (^))n>o inductively as follows. Let 
t (K) = and t n+ x(K):= sup{t-J + (K) n E t c D(E tn(x) )}. From Corollary IfTKl we know that 
t n (A) st°°(K). Define *:(-ti(if),t!(if))xS^R as: 



forxe(-ti(K),ti(i^))xSnJ(K) 
0, otherwise. 



The first problem is to show that the function ^ so defined is smooth. We do this by finding 
for each x e (-ti(K),t\(K)) x E an open neighbourhood U s.t. ^ either equals <ft on U or is 
zero on U. If x e (-ti(K), t\(K)) x E n D(T,q) = U, which is an open neighbourhood (since 
-D(Eo) is open by Proposition 13.15"]) . then \I> = (j) on U. This is because if y e U then either 
y e J(A) and so = <£(y) by definition, or y e D(E )\J(-ftT) = D(S \if) and = = 

0(y) (by the uniqueness of solutions to the Klein-Gordon equation on the globally hyperbolic 
spacetime D(Eq\K) (Theorem 13. 19[) . where T,q\K is an acausal topological hypersurface and so 
D(T,q\K) is an open set in M and a globally hyperbolic spacetime by Proposition 13.15]) . If x e 
(-ti(if),ti(if))xS\ J D(E ) c (-t 1 (A'),ti(A'))xS\J(^) =:£/ (from Corollary Statement 1), 
then = on U by definition. 

Thus * e C~((-ti(iO.*iW) x s ) an d [*t],[$*t] 6 [C °°(E)] = D(A) c for all 

i e [0,ii(A)). We also have ^|s = 0o and dt^f\s = <po. Since * is locally either equal to 0, or 
zero, both being solutions of the Klein-Gordon equation, then so is ^, that is (\3g + m 2 )^ = on 
x E. Moreover, by definition $ = 0on [0,ti(A)) x Z\J(K). By uniqueness of 
the Wald solution (Lemma 15. 4p . then: = \& in [0,ii(A)) x E. Therefore, = on [0,ti(A)) x 
E\J(A). But since eft is smooth, then also df(f) = on [0,ii) x E\J(iT). In particular, c/> = dt4> = 
on H tl(K) \J(K) = Nl 

Using the constructed sequence (t n (K)) n >Q, we prove the proposition by induction. Our 
inductive hypothesis P{n) is as follows: P{n): supp^n [0,i n (A)] x E c J(K). We have 
already proven the statement for n = 1. If P(n) is true, by smoothness (f>,df(f) are zero on 
N n = T, tn(K) \J(K). Now, as before, define: [i n (A), i n+ i(A)) x E R as: 



for x e [t n (K),t n+1 (K)) x E n J(K) 
0, otherwise. 



Similarly to the previous argument ^ e C°°([t n (A),i n+ i(A)) xE) as a manifold with boundary. 
Also: 

[*Et] e [C °°(S)] = c D(A E ) Vt e [t„(A),t„ +1 (A)), 

*|s t „ ( x) = K{K) and d t *| Eo = ^ tn{K y 

By the uniqueness theorem (Lemma 15. 4p . 4> = in [i„(A), i n+ i(A)) x E. Thus eft = on 
[t n (A), i n+ i(A)) x E\J(A). But since (f> is smooth, then also dt<f> = on [t n (A), i n+ i(A)) x 
E\J(A). In particular then, <f> - on E tij+1 (^)\ J{K) = N\ and P(n + 1) is proven. Hence 
supp0n[O,t n (A)]xES J(K) for all n. But as t„( K) /> t°°(K), then supp^n [0,t°°(K)) x E c 
J(K), and by continuity: 

supp^n[0,t°°(A)] xEc J(A'). 
Finally, since the spacetime is symmetric around Eo, we have: 

supp0n[-t°°(A),t oo (A)] xEc J(K). 

□ 



24 



8 Energy form on the Space of Solutions 



In Sections IBlto llOl we shall prove the existence of certain structures on the space of solutions S E 
(Definition 15. 5|) . corresponding to a particular acceptable s.a.e. A E . Specifically, we shall show 
the existence of an energy form, a symplectic form and certain symmetries: time translation 
and time-reversal. These were all conditions placed on the dynamics in the paper by Wald and 
Ishibashi [39J. It is important for us to show that these conditions are in fact necessary, even in 
our extended case of dynamics generated by an acceptable s.a.e. Ae- In this section we show 
that there is a natural bilinear symmetric form E on our constructed space of solutions Se to 
the Klein-Gordon equation. In general, it is not a norm. However, if our choice of acceptable 
self-adjoint extension Ae is positive and zero is not an eigenvalue, then E is a norm on S E . 
Given two pairs of smooth Cauchy data: (4>o,<f>o), 

($,,#>) € Xe £ C°°(E) 2 then we have by 
the existence of Wald solutions (Theorem 14. 5|) two corresponding solutions 4>, (j)' to the Klein 
Gordon equation on our spacetime. For each time if Iwe define the energy at time t to be: 

Our task is to show that E((p,(j)') is in fact independent of time. Remember that: 

<Pt = C(t,A E )(j) + S(t,A E )<Po 

& = -A E S(t, A E )</>o + C(t, A E )<p 

Thus, for all t e R: 

E(<f>, <j>')(t) = (-A E S(t, A E )<h + C(t, A E )<j> ,-A E S(t, A E )<f>' + C(t, A E )ft>) 
+ (C(i, A E )<t>o + S(t, A E )j>o,A E C(t, AeWq + A E S(t, A E )4>' Q ) 

= (A E S(t, A E )fo, A E S(t, A E )<I>' ) - (A E S(t, A E )<f> ,C(t, A E )4>o) 
- (C(t, A E )<j> , A E S(t, A E )<f>' ) + (C(t, A E )<j> ,C(t, A E )<j>' ) 
+ (C(t, A E )<fo, A E C(t, A E )<t>' ) + (C(t, A E )<fa,A E S(t, A E )<j>' ) 
+ {S(t, A E )j>o,A E C(t, AeWq) + (S(t, A E )<p ,A E S(t, A E )4>' Q ) 

= (4>o,A E (A E S(t, A E ) 2 + C(t, A E )*)<&) 
+ (^o, (A E S(t,A E f + C(t,A E ) 2 )fi ) 

= (4>o,A E (p' ) + (<po,<p' Q ) 

= £(W)(0), 

where we have used the following identity: A E S(t,A E ) 2 + C(t,A E ) 2 = I on [xe]- Hence E(t) 
has the same value at all times. Using the linear isomorphism \P: \E x Xe ~* Se between % E an d 
the space of solutions Se defined in Proposition [53] then E defined above is a bilinear symmetric 
form on S E (the symmetry of E follows easily since as A E is self-adjoint it is certainly symmetric) 
and is called the energy form. 

9 The Symplectic Form on the Space of Solutions 

Similarly to the previous section, we show that there exists a natural symplectic form on 
the real vector space of our space of solutions Se- Given two pairs of smooth Cauchy data 
(4>o, 4>o), (4>' , 4>' ) 6 x% - C°°(T,) 2 , then we have by the existence of Wald solutions (Theo- 
rem 23J two corresponding solutions (/>,(/>' to the Klein Gordon equation on our spacetime. For 
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each time t e R we define the symplectic form at time t to be: 

MWXt) = -(fa, ft) 

We show again that this form is independent of time. For all t e R: 

* E (<t>, <t>'){t) = (C(t, Ae)^ + S(t, A E )<j> , -A E S(t, A E )^ + C(t, A E )<j>' ) 
+ (A E S(t, A E )<h ~ C(t, A E )<j) ,C(t, A E )<& + S(t, A E )fa) 
= -{C{t,A E )<t> Q ,A E S{t,A E )<t>' G ) + (C{t,A E )<h,C{t,AE)&>) 

- (S(t, A E )<p ,A E S(t, A E )<p' ) + (S(t, A E )<j>o, C(t, A E )<p' ) 

+ (A E S(t, A E )<h,C(t, a eWq) + {A E S(t, A E )<p 0l S(t, A E )<j>' ) 

- {C{t,A E )fo,C{t,A E W Q ) - (C(t,A E )<j> ,S(t,A E )<j>' Q ) 
= (<p ,(A E S(t,A E ) 2 + C(t,A E ) 2 )^' ) 

-(^,(A E S(t,A E ) 2 + C(t,A E ) 2 )<p' ) 

= (<Po,<P'o) ~ (4>o,4>o) 
= a £ (0,0')(O) 

Here, we have again made use of the identity A E S(t, A E ) 2 + C(t,A E ) 2 = I on [xe]- Thus we 
have a map o~ E '- S E x S E -> R, where S E is the real vector space of solutions. It is clearly bilinear, 
antisymmetric and also weakly nondegenerate, since if € S E is non-zero then (by uniqueness) 
(0o, 0o ) * (0,0) e Xi? x X£- Consequently, let 0' = f(-0 o ,0 o ). Then, a E (<t>,<t>') = ll<Ao|| 2 + ||0o|| 2 > 
as either </>o or <fro is non-zero and so has non-zero norm (as both are continuous). Thus, (S E , a E ) 
is a real symplectic space. 

10 Symmetries 

In this section, we derive some symmetries satisfied by the linear isomorphism \& : xe x Xe ~* S E 
defined in Proposition 15.61 Consider the maps Tt,P : C°°{M) -*■ C°°(M) given by: 

{T t F)(s,x) = F(s-t,x) 
(PF)(s,x) = F(-s,x) 

Proposition 10.1. Given a standard static spacetime and the linear operator A defined as 
usual on the Hilbert space L 2 (T,,dvolh) then for any acceptable s.a.e. A E of A. The maps Tt 
and P satisfy: T t ,P- S E -*■ S E . Then letting cpt - ^(^>o, 0o)|s t and <fit - ^t^ , (0Q,0o)|s t we have: 

*(0t,^) = r_ t [*(0o,0o)] 

d 

^(<j)o,-A E (P ) = — *(0 o ,0o) 
at 

*(0o,-0\)) = P[*(0o,0o)] 
In particular, this also proves that J^: \E -* XE- Additionally, for all ^1,^2 e S E : 

£?(r t *i,r t *2) = s(*a,* 2 ) 

E(PV 1 ,PV 2 )=E(* 1 ,V 2 ) 

ffB(T t *i,T t * a ) = o-B(*i,*2) 

<T B (P^l,P* 2 ) = -0-fi(*l,*2) 
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(Note that the first five properties correspond to Assumptions 2(i), 2(ii), 3(i) and 3(ii) in 
Wald and Ishibashi [39] ■) 



Proof. 



a?) = 



(x) 



C{ S) A E ){C{t,A E )(t> Q + S(t,A E )<h) 
+S(s, A E )(-A E S(t, A E )<f> + C(t, A E )M 

[C(s + t,A E )<h + S(s + t,A E )<j) ](x) 

*(<£o,<£o)0 + s,x) 

r_ t (*(0 Oj o ))( s ,^) 



<S(<Po,-A E( f)o)(t,s) = [C(t,A E )<j>o + S(t,A E )(-<t> ))] (x) = <j) t (x) = — [V(<l>o,<i) )](t,x) 



V((f>o,-<j>o)(t,x) = [C(t,A E )cf> + S(t,A E )(-<j>o))](x) 
= [C(-t,A E )<h + S(-t,A E )i>o)](x) 
= *(0 o ,0o)(-t,x) 
= P(*(0o,0o))(t,x) 

The remaining properties are easily proven from the time independence of E(^f\,^2)(t) and 
<r(*i,*2)C0 (Sections Eand ED. □ 



11 Examples 

In this section we shall discuss a few simple examples of standard static spacetimes. In all the 
examples we examine we shall let V = 1 for simplicity. Thus the spacetime (M, g) = (RxE, dt 2 - 
h) and the solutions to the Cauchy problem of the Klein-Gordon equation constructed in this 
paper for each of these spacetimes will be indexed by the acceptable s.a.e.s A E of the symmetric 
linear operator A on L 2 (E, dvol^) generated by the partial differential operator (also labelled 
by) A = -div/jgrad/j, minus the Laplace-Beltrami operator, with D(A) = [Cq°(S)]. 

We shall also only consider the case of the solving the Klein-Gordon case for complex- 
valued data and so we only consider complex Hilbert spaces. Note that it's only on complex 
Hilbert spaces that we can define the deficiency spaces H ± of a densely defined operator A as 
H ± ■- ker(^4* =fz). We note the following theorem (see Theorems 83.1 and 85.1 in Akhiezer and 
Glazman [2]): 

Theorem 11.1. Let A be a positive symmetric linear operator with equal and finite deficiency 
indices, that is, denoting 71*:= dimker(^4* T i), we have n + = n~ = n < oo. Then every s.a.e. 
A E of A is bounded-below. Furthermore, every s.a.e. A E has the same continuous spectrum 
as A, each of the s.a.e.s has only a finite number of negative eigenvalues and the sum of the 
multiplicities of the negative eigenvalues of any particular s.a.e. A E is not greater than n. 

Thus if A has finite deficiency indices then in particular every s.a.e. A E of A is acceptable. 
In all the following examples the deficiency indices are finite and are equal to 0, 1 or 2. 
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11.1 Self- Adjoint Extensions of minus the Laplacian on S 1 

In our first example we let S = S . We equip S 1 with its (unique) differential structure, the 
Riemannian metric induced from that on M 2 and the induced smooth measure from this metric. 
Since S 1 is compact in its topology induced from M 2 , then it is also compact in its topology 
induced from the Riemannian metric h (Theorem I3.ip . so it is also complete in this metric 
and so complete as a Riemannian manifold by the Hopf-Rinow Theorem (See e.g. Theorem 
6.13 Lee [20]). Thus the linear operator A given by D(A) = [C oo (5 1 )] =_[C°°(S 1 )], A([<f>]) = 
-[</>"] for 4> e C°°(S l ) is essentially self-adjoint by Theorem 12.21 Thus A = A* is the unique 
s.a.e. of A and 

D(A) = W 2 ' 2 ^ 1 ) = {(f> e L 2 (S 1 ) s.t. </>', (f)" e L 2 (5 1 )}. 

Note the Sobolev space W 2 ' 2 (S 1 ) is defined in Appendix D.3 of Bullock where we are 
implicitly adopting the standard Riemannian metric on S 1 as on all the manifolds in Section [TTJ 
The spectrum of A is shown in the appendix to be: 

a(A) = a disc (A) = {n 2 : neN }. 

If we identify S X \{1) with (0,2vr) by the chart: <j>: U = S' 1 \{1} (0,2vr), = expi6, then 

define the function g:U x [7 x C\{n 2 : n e N} -»• C by: 



2\/A 



exp(-27^^^yA) - 1 



As {lJcS 1 is clearly null, h generates a well-defined integral kernel. 

The Green's function for A e p(A) = C\{n 2 - n e No} is given by g(-,-,X), which does not 
depend on the choice of square root of A used to define it. 

11.2 Self-Adjoint Extensions of minus the Laplacian on (0,oo) 

In the remaining cases the domains D(Ae) of the s.a.e.s of A shall be given by conditions placed 
on the domain of the adjoint of A, that is D(A*). Since A < Ae < A* then all the s.a.e.s of A 
are restrictions of A* to their domain D(Ae)- The conditions placed on the domain will be in 
terms of "trace maps" . The derivation of these maps is to be found in Lions and Magenes [21] . 

Theorem 11.2. Let Q be an open interval o/R. Consider the linear maps: 

p: C °°(O)^d^l, 0M^|fln 

r: c °°(o)^d 9n i, 

These maps extend by continuity to a unique continuous maps 

P ,t: w 2 ' 2 (n)->d ml . 

Letting $ = (p, t), then ^ is linear and surjective. Additionally: Wg' 2 (fi) = ker^ = {<fi e 

w 2 > 2 (ny. p(0) = r (0) = o}. 

Note that Cg 3O (0) is defined as the space of smooth functions on the smooth manifold with 
boundary $7 which are of compact support. If is compact then clearly C 3O (J7) = C°°(f2). Note 
also that we define: 

w^ 2 (ny.= [c^(n)] w2 ' 2(n) , 

the closure of [C~(J))] in the Sobolev norm on W 2,2 {Vl). 
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If S = (0, oo) then the s.a.e.s of A are indexed by a e (— 7r/2, 7r/2], denoted ^4 a . Their domains 
are given by: 

£>(A*) = {4> e VF 2 ' 2 (0, oo) s.t. cosq />(<£) = sina r(0)} 
The spectra of these s.a.e.s are given by the following: 

| [0,oo) forae[0,7r/2] 
\ [0,oo) u{- cot 2 a} for ae (-vr/2,0) 

The pure point spectrum cr pp (A a ), continuous spectrum a con t(A a ) and discrete spectrum 
&disc{A a ) of the operator A a are given by the following statements: 

1. a C ont(A a ) = [0,oo) for all a. 

2. If a e [0, §]: = = [0, 00). 

3. Ifae(-f,0): (J pp (A a ) = (J disc (A a ) = {- cot 2 a}. 

Thus for a e [0, ^4q, is a positive s.a.e. of A and for a e (-^,0), is not positive but it is 
bounded-below. Thus all the s.a.e.s of A are acceptable according to Definition 12.31 

For completeness we also now give the Green's function for each s.a.e. A a , that is g- (0, 00) x 
(0, 00) x p(A a ) ->■ C given by: 

g(x, £, A) = vl[cos a sin( VAx < ) + v^Asina cos(\ZAx<)] exp(iVAx>), 

where A = [\/A(cosa - i\/Asina)] _1 , x > = max{x,(}, x < = min{a;,^} and vA = a + bi,b > is 
defined as the unique square root of A in the upper-half plane, possible since A i [0, 00). These 
statements are proven in Appendix G of Bullock [llj. 

11.3 Self- Adjoint Extensions of minus the Laplacian on (0,a) 

Now consider the case where S = (0,a). Again, the domains of the s.a.e.s of A are given in 
terms of the elements of W^ 2,2 (0, a) satisfying conditions placed on them via the trace map. The 
set of all s.a.e.s of A are given by the Dirichlet extension and two groups of extensions which 
we shall describe presently. The first group shall also contain the Neumann extension. 

We shall give a very brief explanation of the origin of this classification of the self-adjoint 
extensions of the A. We refer the reader to Posilicano [27J. The set of s.a.e.s of A is indexed by 
pairs: 

, „s II is an orthogonal projection operator on the Hilbert space C 2 
' O is a bounded s.a. linear operator on the Hilbert space Im(U) 

Given the pair (11,0) the s.a.e. Aji.q is then given by: 

D(A n ,e) = {<t> 6 W 2 ' 2 (0,a): fxj> e Im(U), TlTcp = Qpcj)} , 

where: 

p:^ 2 (0,a)^C 2 , P(*) = (jg) 
r:^ 2 (0,a)-,C 2 , r(<fr) = ( ^ 
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Here, we are implicitly using Theorem lll.2l Note that r evaluates the inward-pointing derivative 
at the boundary, hence the sign. 

There are three natural collections of s.a.e.s of A according as rank(Tl) -0,1 or 2. Picking 
rank(H) = 0, then we have II = and = 0. This is the Dirichlet s.a.e. Ad (which we may also 
call the s.a.e. of the zeroth kind), defined by the following domain: 

D(A D ) = {0 £ W 2 ' 2 (0,a) s.t. 0(0) = (f)(1) = 0}. 

Picking rank(H) = 2, we obtain the next collection of s.a.e.s, which we shall call the s.a.e.s 
of the first kind, in agreement with the language of Posilicano [27]. They are obtained by 
setting II = I. Then /mil = C 2 and let O be defined by a self-adjoint complex 2x2 matrix 

#11 #12 
#12 #22 

where #n,#22 e ^#12 6 C The domain of the extension D(A$) is defined as those elements 
e W 2 ' 2 (0, a) such that Ht0 = Qpcp, that is: 



0'(O) \ I #11 #12 \ ( 0(0) 
-0'(a) / " I #12 #22 ) \ 0(a) 



or: 



2,2/n „\ „ . ^110(0) " 0'(O) + #120(a) = 



D(Ag) = UeW 2 '*(0,a) s.t.: — 

{ #i2n°) + #220(a) + 9 W = 

Note that letting On = #22 = #12 = we obtain the Neumann extension An = A$: 

D(A N ) = {0 e W 2 > 2 (0,a) s.t. 0'(O) = 0'(a) = 0}. 

Picking rank(Yl) = 1, we obtain the last collection of s.a.e.s, which we shall call the s.a.e.s 
of the second kind. They are obtained by setting 



/ \wi\ 2 \ 
y W\W2 \W2\ J 



where w = (wi,W2) e C 2 is a unit vector, spanning a one-dimensional subspace in C 2 and defining 
IT by orthogonal projection onto this subspace. We set to be defined as multiplication by # e R. 
These s.a.e.s are then indexed by triples: {(wi, W2, 0): 101,102 e C s.t. |ioi| 2 + |i02| 2 = 1 and # e M}. 
The domain of the extension D(A wlW2 g) is then those elements e W 2 ' 2 (0,a) such that: 



P(0) 



CS )—((:)) 



#0(0) 



= nr0 



\ -0'(«) 
y toil 



\ ( 0'(o) 

W1W2 \w2\ 2 ) \ -0'(a) 

Then, from the first condition: 1020(0) = toi0(a). And from the second: 

uJ7#0(O) + tO2#0(a) = uJr|toi| 2 0'(O) - tO2|t«i| 2 0'(a) + uJi|u>2| 2 0'(O) - tO2|tO2| 2 0'(a) 
= tD70'(O) -W2~(fi'(a) 
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Thus, 



Remark. Note that replacing W{ with Wje 4 ^ for i = 1, 2 then we obtain identical boundary 
conditions and so the same s.a.e. of A. Clearly this is because both choices yield the same 
1-dimensional subspace in C 2 and so the same orthogonal projection operator II. 

We shall now give the spectra of all these self-adjoint extensions and the their corresponding 
Green's functions. By analysing the spectra or by the finiteness of the deficiency indices and 
using Theorem lll.il all s.a.e.s are bounded-below. These results can either be reached via the 
approach of Posilicano [27] (Example 5.1) or the methods of Stakgold [33] ■ The proofs of all 
but the case of the Dirichlet extension are found in Section H of Bullock [IT] . The case of the 
Dirichlet extension itself is simpler, along similar lines and is to be found in Stakgold [33J. The 
numbering below corresponds to the three groupings of s.a.e.s previously introduced: s.a.e.s of 
zeroth, first and second kinds. (We denote No = N u {0}.) 

0. We have a(A D ) = {{^ff , n e n} . 

1. If A t then A e a(A e ) iff 

= #n\/Acos\/Aa + 9 22 \/\cos \/\a - \sin\f\a 
+ #ii#22 sin vAa - \6i 2 \ 2 sin \/\a + 2V\(6 12 )\/\ 

(note that the validity of this condition is independent of which square root of A we take) 
and: 

e a(Ag) iff a\6 12 \ 2 - On - a0 u e 22 - 9 22 - 2V\{0 12 ) = 0. 
For instance, letting 9\\ = 6 22 = Q\ 2 = 0, we have cf{An) = |( ! f ! -) 2 , n e No} . 

2. If A * then A e a(A WlW2 e) iff 

-n/A cos y/\a + 29\(wiw 2 )\/\ - 6 sin \/\a = 
and e a(A WlW2 e) iff ad - 2$H(^iIZ?2) + 1 = 0. 

The Green's functions for each of these cases is treated in the following: 

0. The Green's function for the Dirichlet extension Ad is given in terms of the kernel 
g(x,y;X). For A e C\{(^) 2 , n e N }, define: 

, v sin vA(a - x>) sin vAx< 

9{x,y;\) = j=^-_ — , 

V A sin a v A 

where x<: = mm{x,y}, x>- = max{x,y}. And for A = 0, let: 

(a-x > )x < 
g{x,y;0) = . 
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1. The Green's function for the s.a.e. of the first kind is given by the following. For A e 
p(A e )\{0}: 

.'/(•'•• A) 

A cos \/X(a - x>) cos \f\x < + 622 VAsin VA(a - x>) cos \fXx K 
A +6»h\/Acos\/A( 0. - x>) sin "\/Ax< 

+ 6*11^22 sin \/A| a. — x>) sin \/Ax< 
+|#12| 2 sin VX(x> - a) sin \J~X~x < + C(x, y)(6>i2) , /Asin\/A(x < - x>) 



where 



^hn/Acos VAa + 022^/Acos \/Aa - A sin VAa 
+6*11^22 sin VAa - |#i 2 | 2 sin VAa + 2<K(0i 2 ) \A 



and for fceC, 



C(z,y)(fc) 



A; if x < y. 
fc if x > y. 



If 6p(A fl ), then 

9(x,y,0) = A 



(a - x>)x<|#i 2 | 2 - #iix< + (x> - a)x < 9n6 
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_ + (x> - 0)622 - 1 + C(x,y)(0i 2 )(x> - x<) 
where A' 1 = a\e 12 \ 2 - 9 U - a0n0 2 2 ~ #22 - 23t(0 12 ). 

In particular, the Green's function for the Neumann extension An is given as follows: 
For A e C\{(f) 2 ,ne N }, define: 

cos v"A(a - x>) cos \/Ax< 



g(x,y;X) = -- 



\f\sma\/\ 



2. The Green's function for the s.a.e. of the second kind is given as follows. 
For A e p(A WlW2 e)\{0}, 

g(x,y;X) 



A 



| - wi| 2 VAsin\/A(x > - a) cos \/Ax< + ^/AC(x, y) (W1W2) sin \/A(x< - x>) 



+6 sin a/A(x> - a) sin a/Ax< - |tu 2 | 2 \/A cos \/X(x > - a) sin \/Ax< 

where A -1 = \f~X [-\/X cos a/Ao + 29l(u> itZ?2~)\/A - sin \fXa] . 
If e /9(^4«, lU , 2 6i), then 

g(x,y;0) = A[6(a- x>)x< + C(x, y)(u;iu^ 2 ")(x > -x<) + |^i| 2 (a - x>) + |w 2 | 2 x<], 

where A' 1 = aO - 2SH(wiw^) + 1. 

11.4 Self-adjoint Extensions of minus the Laplacian plus mass 

We shall show here that the s.a.e. s of the operator A = -div^ o grad^ + m 2 is easily given 
in terms of the s.a.e.s of -div^ o grad^. The corresponding Green's functions are then easily 
constructible. This situation is covered by the following more general problem: 

Proposition 11.3. Let A be a linear operator on a (real or complex) Hilbert space H. For 
jj, e R define the linear operator A + \x via the domain D(A + fx) = D(A), (A + fj,)(f) = A(j) + /Mp. 
Then the following are true: 
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1. A is closable iff A + p is closable. 



2. If A is closable then: A + p = A + //. 

3. A is self-adjoint iff A + [i self-adjoint. 
4- A is e.s.a. iff A + p is e.s.a.. 

5. If A is a symmetric linear operator and {A~f. 7 e V} are all the s.a.e.s of A (T = (f> is 
possible). Then the s.a.e.s ofA + p are precisely {A^ + p. 7 e T}. Additionally, a(A^ + p) = 
o-(A~f) + p and if G\ is the resolvent of A^ at X € p(A^) then G\ + ^ is the resolvent of 
Ay + fj, for A + p e p(A y + p). 

Proof. The proposition is easily proven directly by the definitions of closability, self-adjointness 
etc. □ 

We now apply this proposition to the problem of finding the s.a.e.s of the Klein-Gordon 
operator on a Riemannian manifold, for which we already know all the s.a.e.s of minus the 
Laplacian. For instance let S = S . This was treated in Section QXTJ Let H = L 2 (S l ) (the 
Borel measure on S 1 being induced by the Riemannian metric on S 1 ). Define the linear operator 
A on H: 

D(A)^[C^(S 1 )]^[C-(S 1 )] 

Consider B = A + m 2 . We are using the previous notation. So D(B) = D(A). Then, 
according to the previous proposition, as A is e.s.a. so also is B and: 

D(B) = D(A) = W 2 ' 2 ^ 1 ) = {0 6 L 2 (S l ) s.t. 0', 0" e L 2 (S 1 )}. 

Since o~(A) = adisc(A) = {n 2 : n e No}, then the spectrum of B is: 

a(B) = a disc (B) = {n 2 + m 2 : n e N }. 

Using the chart: 4>- U = S 1 ^!} -+ (0, 2vr), (jT 1 ^) = exp 16, define the function g: UxUxC\{n 2 + 
m 2 : n 6 N } ^ C by: 



g(0, <!>;>) = 



2 VA - m 2 



exp z\/ A - m 2 \9 - <j>\ + 



2 cos vA — m 2 (9 - 4>) 
exp(-27ri\/ A - m 2 ) - 1 



Clearly as before, this expression for g does not depend on the choice of square root of X-m 2 
taken. It follows from Proposition 111.31 that g so defined is the Green's function for B, that is, 
it generates its resolvent. 

11.5 Example of Wald Dynamics satisfying supp^^ J(K) 

We shall show here by means of the examples just given that there exist simple standard static 
spacetimes and Wald dynamics generated by a s.a.e. Ae such that supp^ $. J(K) for some 
initial data (4>q, <fio), where K = supp</>o u supp^o- 

Consider the example considered in Section Hi. 31 that is S = (0,a), so M = R x (0,a), 
g = dt 2 - dx 2 . (See Figure [3]). Take, for instance, 6 =(° and pick the s.a.e. Ae of A. Thus its 

domain is given by: D(Aq) - {<fi e W 2,2 (0,a). c/>'(0) = 0(a), 0(0) = -<p'(a)}. From this we can 
see that if 4>'{t, a) t then so is (f)(t, 0) and hence is non-zero in a neighbourhood of (i, 0) and 
so also non-zero at points outside J(K). 
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t°°(K) 



Figure 3: Wald dynamics sat- 
isfying: supp</> $ J(K), where 
(M,g) =(Rx (0,1), dt 2 -dx 2 ). 
For some s.a.e.s Ae there ex- 
ist points in the shaded area 
at which (ft is non-zero though 
they are clearly not contained 
in J + (K). 



11.6 Example of non-bounded below acceptable self-adjoint extensions of 
minus the Laplacian 

We shall, in this section, construct examples of non-bounded below acceptable s.a.e.s of minus 
the Laplacian on certain choices of simple Riemannian manifolds (though our example shall be 
on a disconnected manifold). In particular, this shows that the class of solutions to the Cauchy 
problem of the Klein-Gordon equation on non-globally hyperbolic spacetimes constructed in 
this paper a nontrivial extension of the application of theory of Wald [38j from bounded-below 
s.a.e.s to acceptable s.a.e.s (Wald considered only those that were positive). 

Before we begin the construction, we shall briefly describe some necessary background. It 
concerns the the direct sum of linear operators on Hilbert spaces. Given a sequence H n of (real 
or complex) Hilbert spaces, then the direct sum is defined as usual as: 

H = H n :=\ (0 n ) n e N such that Y, U n\\n **- 00 I i 

neN { neN J 

where || ■ || n is the norm in the Hilbert space H n . 

Definition 11.4. For each iieN, let A n be a linear operator on the Hilbert space H n . Then 
define the linear operator A on H as the direct sum of the linear operators A n as follows: 

D(A) = j(/> = ((/> n ) neN such that 4> n e D(A n ) and £ ||A n 0„||^ < ooj 
(A(j)) n = A n( j) n . 

We then define the countable direct sum (B ne fqA n of the operators A n to be the operator A. 
Proposition 11.5. The following are true: 

1. If all the linear operators A n are densely defined (closed, symmetric, self- adjoint), then A 
is densely- defined (closed, symmetric, self-adjoint) respectively. 

2. If all the linear operators A n are bounded, then the sequence (||A n || n ) is bounded iff A- 
@ n ^A n is a bounded linear operator. 

3. The spectrum o~(A) is obtained from the spectra o~(A n ) by the relation: o~(A) = \J n a(A n ). 

4- If each operator A n is a orthogonal projection operator on H n , then A is an orthogonal 
projection operator on H . 
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5. If all the operators P n are projection-valued measures (p.v.m.s) on H n , then P is a p.v.m. 
on H defined by: 

Pn = ® (-Pn)n for each OgR Borel. 

neN 

We shall denote this p.v.m. P by n sN-fn- 

6. Let all the operators A n be self-adjoint. If P n is the projection-valued measure (p.v.m.) 
on H n associated to A n via the spectral theorem and P is the p.v.m. on H associated to 
A, then: 

neN 

7. If all the operators A n are self-adjoint and f : R ->■ R is Borel measurable, then: 

/(©4) = ©/(4), 

neN neN 

where we are using the spectral theorem to define the self-adjoint operators /(0neN^n) 
and f{A n ). 

The proof of this proposition is an exercise in functional analysis (see e.g. Reed and Si- 
mon [28j or Birman and Solomjak [9]). The proof is omitted here for brevity. 

Using this notation, we construct such extensions as follows: Given a fixed Riemannian 
manifold (£, h), we shall first consider the case of constructing a s.a.e. A of minus the Laplacian 
on (£', h) = (ZxE, h) from s.a.e. s (^4 n )neZ of minus the Laplacian on (£, h). We then show that 
if all the s.a.e.s A n are acceptable, then so is A. We then give necessary and sufficient conditions 
for A to be non-bounded below before giving a concrete example. We state our results in the 
form of the following proposition. 

Proposition 11.6. Fix a Riemannian manifold and define (E',/i) = (ZxE,/i). Consid- 

ering the Hilbert spaces L 2 (£, di>o^) and L 2 (£' , dvol^) then we have the following isomorphism: 

L 2 (Z',dvol h )^@L 2 (Z,dvol h ). 

neZ 

Define the following linear operators A and A' on the Hilbert spaces L 2 (Y,,dvolh) and 
L 2 (Z',dvol h ) as follows: D(A) = [C °°(X!)], A[</>] = [-Uh4>] f° r 4> e Co°( s ) and similarly for 
A' . For simplicity, we shall treat the aforementioned isomorphism as an identification. Then 
we have the following relationship between D(A) and D(A'): 

D(A') = I <fi e ® D(A) such that (j) n + for at most finitely many n > . 

[ neZ J 

Now, for each n e Z, let Ae,u be a s.a.e. of A and define the operator A' E = © n£ z^-B,n- Then: 

1. A' E is a s.a.e. of A' . 

2. If for all n, A E . n is an acceptable s.a.e. of A, then A'j? is an acceptable s.a.e. of A' . 

3. tT(A' E ) = \JruZ<r(A Etn ). 

Therefore, if for all n, A Et n is an acceptable s.a.e. of A and if\J ne %a{A E n ) has no lower bound 
in R, then A' E is a non-bounded below acceptable s.a.e. of A' . 
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Remark. In the equation relating D(A) with D(A') we are adopting the following notation: If 
H = (&nezH n is the countable direct sum of Hilbert spaces, then if for each n, V n < H n is a (not 
necessarily closed) subspace, then we define: 

V n ■= I 4> e H n such that <j) e V n for each n \ . 

rial { neZ J 

With this notation, note that in general: D{® n ^A n ) * ® n ezD(A n ) but rather: 



£>(0 A n ) = U € D(A n ) such that £ ||A n n || 2 < oo 

neZ I neZ neZ 

Proposition \ll.b\ It follows from the previous proposition, that Ae is a self-adjoint operator on 
L 2 (T>' , dvolh) . We must first show that it is in fact a self-adjoint extension of A'. 
By definition of A' E we have: 

D(A') = I (p e -0(^4) such that (fi n ± for at most finitely many n V 

I neZ J 

e D(Ae,u) such that </> n # for at most finitely many n 
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0£>(A B)n ) such that Y,\\ A E 



/)€_ 



= D(A' E ) 

If e -D(A') = {4> e ® ne x-D(^4) such that ^ ra # for at most finitely many n} , then (Ae(, 
A-E,n(t>n = A(f) n = (A'cj)) n . This proves Statement 1. 

Let A E n be an acceptable s.a.e. of A for each n. Then, for all t > 0: 

[C~(E')] = D(A') 

..©^) such that for at ^Hd,^. 

neZ 

^e®n £ z^(exp((A Bn ) 1 / 2 t)) 



and En £ zl|exp((A Bn ) 1 / 2 t)0 n || 2 < oo 
^(exp^) 1 / 2 *:)), 

where the last equality follows from Statement 7 of Proposition 111.51 which gives: 
exp((^4g ) l l 2 t) = (B n ez exp((^4g n ) l ^ 2 t). Therefore, A' E is also an acceptable s.a.e. of A'. 

The last statement follows from Statement 3 of the previous proposition. □ 

Lemma 11.7. Let £ = (0,oo) and pick a sequence a n e (—5 , ^] indexed by n e Z suc/i t/iat 
/or a// < e < ^ £/iere exists n with a n e (-e,0). Define Ae,u - A an . Then, the corresponding 
operator A' E = @ n ^A an is a non-bounded below acceptable s.a.e. of minus the Laplacian. 

Proof. Note that the s.a.e.s A a were defined in Section [11. 2 1 as: 

D(A a ) = {<f>e W 2 ' 2 (0, oo) s.t. cos a p(4>) = sin a r(</>)}- 

The spectra of these s.a.e.s were given by the following: 

f [0,oo) for a £ [0,vr/2] 

{ a) { [0,oo)u{-cot 2 a} for ae (-tt/2,0) ' 

So, since lim x .^ocot 2 x = oo then, by Statement 3 of Proposition fTTUl a(A' E ) = UneZ°"(^a n ) has 
no lower bound in M., i.e. infcr(^4^) = -oo and A' E is not bounded below. That A' E is still an 
acceptable s.a.e. of minus the Laplacian follows from the previous proposition. □ 
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12 Summary 



We have shown the existence and uniqueness properties of solutions of the Klein-Gordon equa- 
tion on arbitrary standard static spacetimes based on "acceptable" self-adjoint extensions Ae of 
the symmetric linear operator A, as defined in equation (|2,3p . The proof of the existence (Sec- 
tion [5]) was based on work by Wald fl38j | , though differs in the following: Our treatment utilised 
the more recent result of Bernal and Sanchez [6]. Also, we have shown that the construction 
of solutions is valid also when the self-adjoint extension is merely acceptable (Definition 12. 3p . 

Separate to the work of Wald, we prove in this paper a result concerning the uniqueness of 
the Wald solutions and used this to prove a result on their support. The stronger statement: 
supp (p £ J(K) for K - supp (<f>o) usupp (4>o), which was a condition on the dynamics in the later 
paper by Wald and Ishibashi on this topic [ 139 I J . was seen to be false in general. In Section fl 1.5 1 
we give a simple example where supp</> $ J(K). 

Also, using the uniqueness result, we defined the space of solutions in Definition 15.51 con ~ 
structed both the "energy form" and the "symplectic form" on the space of solutions (Sections [S] 
and [9] respectively) and analysed some symmetries of the space of solutions (Section 1 10p. 

In Section 111.61 we constructed an acceptable non-bounded below s.a.e. Ae of minus the 
Laplacian on a particular (disconnected) Riemannian manifold (specifically: £ = Z x (0,oo) 
with the Riemannian metric induced from that of R 2 ). This example then shows that the 
extension of the theory of Wald [38] from bounded-below s.a.e. s to acceptable s.a.e. s carried out 
in this paper is non-trivial (Wald considered only positive s.a.e.s). 

We shall now discuss avenues of further work on the subject of this paper. We list them as 
follows, some of which are related: 

1. The well-posedness of the Cauchy problem for the Klein-Gordon equation often has a 
stronger meaning than that used in this paper. The stronger sense includes continuity 
of the map C^°(£) x C£°(£) ->■ C°°(M), (0q,0q) >->■ <fi. A problem unanswered in this 
paper is whether our solution to the Cauchy problem generated by an acceptable s.a.e. is 
well-posed in this sense. 

2. Once the answer to the previous open problem is known, a natural question in line with the 
paper by Wald and Ishibashi [39J is whether there are necessary and sufficient conditions 
on a solution to the Cauchy problem to be generated by an acceptable s.a.e. via this paper. 
Since their paper dealt with the case of sufficient conditions for the Cauchy problem to 
be generated by a positive s.a.e. then this would be an extension of their work to the 
present case. 

3. An important question, connected with Statement 3, is whether or not there exists dynam- 
ics conserving the symplectic form constructed in Section [9] (but possibly not conserving 
an energy form), that is not generated by a s.a.e. via the construction in this paper. This 
question posed by Kay and Studer [18] (Appendix A. 2) is still unanswered. 

Acknowledgments 

This work was supported by a research studentship from the Science and Technology Facilities 
Council held at the University of York. 



37 



References 

[1] R. Abraham, J.E. Marsden and T. Ratiu, Manifolds, Tensor Analysis, and Applications 
(2001) Springer 

[2] N.I. Akhiezer and I.M. Glazman, Theory of Linear Operators in Hilbert Space (1993) Dover 

[3] C. Bar, N. Ginoux and F. Pfaffle, Wave Equations on Lorentzian Manifolds and Quantisa- 
tion (2007) European Mathematical Society 

[4] C. Bar and K. Fredenhagen (Eds.), Quantum Field Theory on Curved Spacetimes: Con- 
cepts and Mathematical Foundations (2009) Springer 

[5] J.K. Beem, P.E. Ehrlich and K.L. Easley, Global Lorentzian Geometry (1996) CRC Press 

[6] A.N. Bernal and M. Sanchez, Further results on the smoothability of Cauchy hypersurfaces 
and Cauchy time functions, 2007, arXiv:gr-qc/0512095vl 

[7] A.N. Bernal and M. Sanchez, Globally hyperbolic spacetimes can be defined as "causal" 
instead of "strongly causal", 2006, |arXiv: gr-qc/0611138/vl 

[8] A.N. Bernal and M. Sanchez, On Smooth Cauchy Hypersurfaces and Geroch's Splitting 
Theorem, Communications in Mathematical Physics, (2003) 243, 3, 461-470 

[9] M.S. Birman and M.Z. Solomjak, Spectral Theory of Self-Adjoint Operators in Hilbert 
Space (1987) D.Reidel Publishing Company 

[10] R.L. Bishop and S.I. Goldberg, Tensor Analysis on Manifolds (1980) Dover 

[11] D.M.A. Bullock, PhD thesis (2011) University of York 
http : //etheses . whiterose . ac.uk/1954/ 

[12] H.O. Cordes, Self-Adjointness of Powers of Elliptic Operators, Mathematische Annalen 195 
(1972) 257-272 

[13] B. Driver, Analysis Tools with Applications 

http : //www . math . ucsd . edu/~bdriver/231-02-03/lecture_notes . htm 

[14] N. Dunford and J.T. Schwartz, Linear Operators Part I: General Theory (1958) Interscience 
Publishers 

[15] G.B Folland, Real Analysis, Modern Techniques and Their Applications (1984) Wiley 

[16] G. Grubb, A characterisation of the non local boundary value problems associated with an 
elliptic operator, Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 3,22,3 
(1968) 425-513 

[17] E. Hebey, Sobolev Spaces on Riemannian Manifolds (1991) Springer 

[18] B.S. Kay and U.M. Studer, Boundary Conditions for Quantum Mechanics on Cones and 
Fields Around Cosmic Strings, Communications in Mathematical Physics 139, 103-139 
(1991) 

[19] J.M. Lee, Introduction to Smooth Manifolds (2003) Springer 

[20] J.M. Lee, Riemannian Manifolds: An Introduction to Curvature (1991) Springer 



38 



J.L Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications 
(1972) Springer 

C.W. Misner, K.S. Thorne and J. A. Wheeler, Gravitation (1973) W.H. Freeman and Com- 
pany 

L.I. Nicolaescu, Lectures on the Geometry of Manifolds (2007) World Scientific Publishing 
B. O'Neill, Semi-Riemannian Geometry (1983) Academic Press 

R. Penrose, Techniques of Differential Topology in Relativity (1972) Society for Industrial 
and Applied Mathematics 

P. Petersen, Riemannian Geometry (2006) Springer 



A. Posilicano, Self-adjoint Extensions of Restrictions, 2008, arXiv:math-ph/0703078 



M. Reed and B. Simon, Methods of Modern Mathematical Physics, I: Functional Analysis 
(1980) Academic Press 

M. Reed and B. Simon, Methods of Modern Mathematical Physics, II: Fourier Analysis, 
Self-Adjointness (1975) Academic Press 

R.K. Sachs and H. Wu, General Relativity for Mathematicians (1983) Springer 



M. Sanchez, On the Geometry of Static Spacetimes, 2004, arXiv:math/0406332v2 



I. Seggev, Dynamics in stationary, non-globally hyperbolic spacetimes, Classical Quantum 
Gravity 21 (2004) 2651-2668 

I. Stakgold, Green's Functions and Boundary Value Problems (1998) Wiley 
N. Steenrod, The Topology of Fibre Bundles (1951) Princeton University Press 
M.E. Taylor, Partial Differential Equations I (1996) Springer 
M.E. Taylor, Partial Differential Equations II (1996) Springer 

F. Treves, Topological Vector Spaces, Distributions and Kernels (1967) Academic Press 

R.M. Wald, Dynamics in nonglobally hyperbolic, static space-times, 1980, Journal of Math- 
ematical Physics 21(12) 2802 

R.M. Wald and A. Ishibashi, Dynamics in non-globally-hyperbolic static spacetimes: II. 
General analysis of prescriptions for dynamics, Class. Quantum Grav. 20 (2003) 3815-3826 

FW. Warner, Foundations of Differentiable Manifolds and Lie Groups (1983) Springer 



39 



